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Though completely integrable Camassa-Holm (CH) equation and 
Degasperis-Procesi (DP) equation are cast in the same peakon family, 
they possess the second- and third-order Lax operators, respectively. 
From the viewpoint of algebro-geometrical study, this difference lies 
in hyper-elliptic and non-hyper-elliptic curves. The non-hyper-clliptic 
curves lead to great difficulty in the construction of algebro-geometric 
solutions of the DP equation. In this paper, we derive the DP hi- 
erarchy with the help of Lenard recursion operators. Based on the 
characteristic polynomial of a Lax matrix for the DP hierarchy, we 
introduce a third order algebraic curve /C r _2 with genus r — 2, from 
which the associated Baker- Akhiezer functions, meromorphic function 
and Dubrovin-type equations are established. Furthermore, the theory 
of algebraic curve is applied to derive explicit representations of the 
theta function for the Baker- Akhiezer functions and the meromorphic 
function. In particular, the algebro-geometric solutions are obtained 
for all equations in the whole DP hierarchy. 

1 Introduction 

The Degasperis-Procesi (DP) equation 



was first discovered in a search for asymptotically integrable PDEs [2]. It 
arose as a model equation in the study of the two-dimensional water waves 

* Corresponding author and e-mail address: faneg@fudan.edu.cn 



Abstract 



^"XX '^ J '^ J XXX 



= 




1 



propagating in an irrotational flow over a flat bed [20], [26], [31]. Given 
the intricate structure of the full governing equations for water waves, it 
is natural to seek simpler approximate model equations in various physi- 
cal regimes. The DP equation may be derived in the moderate amplitude 
regime: introducing the wave-amplitude parameter e and the long-wave pa- 
rameter 5. In this regime we assume that 5 <C 1 and e ~ S. This regime 
is more appropriate for the study of nonlinear waves than dispersive waves, 
the stronger nonlinearity of which could allow for the occurrence of wave- 
breaking. The other regime studied most is the shallow water system for 
which 5 <C 1 and e ~ 5 2 . In the parameter 5 range, due to a balance between 
nonlinearity and dispersion, various integrable systems like the Korteweg-de 
Vries (KdV) equation arose as approximations to the governing equations. 
However, among the models of moderate amplitude regime, only the CH 
equation and the DP equation are integrable in the peakon family [3] in 
the sense that they admit a bi-Hamiltonian structure and a Lax pair. Also, 
they are two integrable equations from a family, corresponding to parameters 
6 = 2 and 6 = 3, respectively, of the following 6- family of equations 

u t - u txx + (6 + l)uu x = bu x u xx + uu xxx , (1.2) 

where 6 is a constant. 

Quasi-periodic solutions (also called algebro-geometric solutions or fi- 
nite gap solutions) of nonlinear equations were originally studied on the 
KdV equation based on the inverse spectral theory and algebro-geometric 
method developed by pioneers such as the authors in Refs.[T].[4]-[T0] in the 
late 1970s. This theory has been extended to the whole hierarchies of nonlin- 
ear integrable equations by Gesztesy and Holden using polynomial recursion 
method p3]-[l8]. As a degenerated case of algebro-geometric solution, the 
multi-soliton solution and elliptic function solution may be obtained @],[7], 
|28j . It is well known that the algebro-geometric solutions of the CH hierar- 
chy have been obtained with different techniques, see Gesztesy and Holden 
[14] , and Qiao [30]. However, within the authors' knowledge, the algebro- 
geometric solutions of the DP hierarchy are still not presented yet. 

Before turning to each section, it seems appropriate to review some re- 
lated literature as usual. Over recent three decades soliton equations associ- 
ated with 2x2 matrix spectral problems have widely been studied. Various 
methods were developed to construct algebro-geometric solutions for inte- 
grable equations such as KdV, mKdV, Kadomtsev- Petviashvili equation, 
Schrodinger, CH equations, sine-Gordon, AKNS, Ablowitz-Ladik lattice and 
Toda lattice etc @]-[l0], 03]-[l8], [21], [22], [32], [33]. But it is very difficult 
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to extend these methods to soliton equations associated with 3x3 matrix 
spectral problems. The main reasons for this complexity get traced back to 
the associated algebraic curve, which is the second order hyper-elliptic in 
the 2x2 matrix spectral problems while it is non-hyper-elliptic of the third 
order one typically arising in the 3x3 case. 

In Refs.[29], Qiao proposed the DP hierarchy through the procedure of 
recursion operator and connected the DP hierarchy (including the DP equa- 
tion as a special negative member) to finite-dimensional integrable systems 
and gave its parametric solution on a symplectic submanifold by using the C 
Neumann constraint under the nonlinearization technique. In Refs.|27j. the 
iV-soliton of the DP equation is obtained by Hirota's method. In Refs.[19j. 
the inverse scattering method for the DP equation is studied based on a 
3x3 matrix Riemann-Hilbert (RH) problem, where the solution of the DP 
equation is extracted from the large-/c behavior of the solution of the RH 
problem. In Refs.[23], [24], Dickson and Gesztesy proposed an unified frame- 
work, which yields all algebro-geometric solutions of the entire Boussinesq 
(Bsq) hierarchy. Geng et. al. further investigated the algebro-geometric 
solutions of the modified Bsq hierarchy in a recent paper |25j . 




The purpose of this paper is to construct the algebro-geometric solutions 
for the DP hierarchy which contains the DP equation as special mem- 
ber. The outline of the present paper is as follows. In section 2, based on 
the Lenard recursion operators and the stationary zero-curvature equation, 
we derive the DP hierarchy associated with a 3 x 3 matrix spectral problem. 
An algebraic curve /C r _2 of arithmetic genus r — 2 is introduced with the 
help of the characteristic polynomial of Lax matrix for the stationary DP 
hierarchy. 

In section 3, we study the meromorphic function cj> satisfying a second- 
order nonlinear differential equation. Moreover, the stationary DP equations 
are decomposed into a system of Dubrovin-type equations. 

In section 4, we present the explicit theta function representations for the 
Baker-Akhiezer function and the meromorphic function. In particular, we 
give the algebro-geometric solutions of the entire stationary DP hierarchy. 

In sections 5 and 6, we extend all the Baker-Akhiezer function, the mero- 
morphic function, the Dubrovin-type equations, and the theta function rep- 
resentations dealt with in sections 3 and 4 to the time-dependent cases. 
Each equation in the time-dependent DP hierarchy is permitted to evolve 
in terms of an independent time parameter t p . We use a stationary solution 
of the nth equation of the DP hierarchy as an initial data to construct a 
time-dependent solution of the pth equation of the DP hierarchy. 
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2 The DP hierarchy 

In this section, we derive the DP hierarchy and the corresponding sequence of 
zero-curvature pairs by using a Lenard recursion formalism (see Refs.[29] for 
more details). Throughout this section let us make the following assumption. 

Hypothesis 2.1 In the stationary case we assume that u : C — > C satisfies 

u G C°°(C), d k x u G L°°(C), k G N . (2.1) 

In the time- dependent case we suppose u : C 2 — > C satisfies 



u{-,t) G C°°(C), fl£u(-,t) G L°°(C), fc G No,* G C, 
■), u xx (x, ■) G C 1 (C), x G C. 



(2.2) 



We start by the following 3x3 matrix isospectral problem 

/ Vi \ / o l o \ 

^ x = Uij, V = ^2 , *7 = 1, (2.3) 







( £ ) 
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where m = u — u xx , the function u is a potential, and z is a constant spec- 
tral parameter independent of variable x. Next, we introduce two Lenard 
operators 

K = 4<9- 5<9 3 + <9 5 , (2.4) 
J = 3(2md + dm)(d-d 3 )- 1 (md + 2dm). (2.5) 

Obviously, K and J are two skew-symmetric operators. A direct calculation 
shows that 

k- 1 = (a-a 3 )- 1 (4-a 2 )~ 1 , 

27 y J 

and we further define an operator 

Jgf = K~ l J = 3(d - <9 3 ) _1 (4 - d 2 )~ 1 {2md + <9m)(<9 - 3 )" 1 (ma + 2dm). 

Choose Go = g G kerisT, the Lenard's recursive sequence are defined as 
follows 

G j - 1 = S?- 1 G j , j = 1,2,... (2.6) 
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Hence Gj are uniquely determined, for example, the first two elements read 
as 

G Q = \, G 1 = {d-d i )- 1 uu x . 
b 

In order to obtain the DP hierarchy associated with the spectral problem 
(|2.3p . we first solve the stationary zero-curvature equation 



V x -[U,V} = 0, F = 0^)3x3 (2.7) 

with 

/ V U Vvi Via 

V=\ V 21 V 22 V 23 | , (2. 

V v 31 v 32 v 33 

where each entry Vij is a Laurent expansion in 



z 



Kj = T,V®(G t )2?<-»- i+r > i,j = l,...,3, e = 0,...,n. (2.9) 

1=0 

Equation (|2.7|) can be rewritten as 

Vii jX = V 2 \ + z^mViz, 
V\2,x = V22 — Vn — Vi3, 

Vl3,x = V 2 3 — Vi2j 

V2i,x = V31 + z~ 1 mV 23 , 

V 22 , x = V 32 -V 2l -V 23 , (2.10) 

V23,x = V33 — V 22 , 

V31,* = z~ l m{V 33 - Vn) + V21, 

V 32 ,x = -Z~ X mV 12 + V22 - V31 - V33, 

V33,x = -^ _1 mVi3 + V23 - V32. 
Inserting flZHJ) into (|2~TU]l yields 

Vff = z- l {A-d 2 )Gi + ^z- 2 d{d-d z y l {md + 2dm)Gi, 

V$ = 3z- l Ge tX -3z- 2 (d-d 3 )- l (md + 2dm)G e , 

= -Gz^Ge, 

V$ = z- 1 (4-d 2 )G^ x + 3z- 2 (d 2 (d-d 3 )- 1 (md + 2dm)G e + 2mG e ), 

V$ = -2z- x {Gt-G^ x \ (2.11) 
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V$ = -3z~ x G^ x - 3z~ 2 (d - d 3 )~ 1 (md + 2dm)G e , 

V® = z- 1 {4-d 2 )Gi iXX + 3z- 2 {d + z- 1 m)(d-d 3 )- 1 (md + 2dm)G e , 

V$ = -z- 1 {d-d 3 )G e -3z~ 2 {d~ 1 (md + 2dm)G e -2mG e ), 

V$ = z- 1 (-2Ge-G e)XX )-3z- 2 (d(d-d 3 y 1 (md + 2dm)G e ). 

Substituting ()2.10|) and ()2.1ip into (2.7), we can show that Lenard sequence 
Gi satisfy the Lenard equation 

KGi = z~ 2 JG e , i = 0, 1, ■ ■ ■ . (2.12) 

For our use in Theorem 16. 2\ we introduce the following notations 

VS' 0) = (4-d 2 )Gi, VS' 1] =3d(d-d 3 )- 1 (md + 2dm)G e , 

V^' 0) = G i<x , V$ 1] = -3(d-d 3 )- 1 (md + 2dm)G e , 

V}^ = -6G„ ^=0, 

4 £ ' 0) = (4-d 2 )G e , x , 

V^' l) = 3{d 2 {d-d 3 )- l (md + 2dm)G e + 2mGi), 

Vg' 0) = -2(G e -G tiXX ), V£ 1] =0, 

V^ 0) = -3G t , x , V^ 1] = -3{d - d 3 )- l (md + 2dm)G e , 

v£' 0) = (4-d 2 )G e , xx , 

V^ l) = 3{d + z- 1 m)(d-d 3 )- 1 {md + 2dm)G e , 

V^' 0) = -(d- d 3 )G e , V$ l) = -35 _1 (m5 + 2dm)G e - 2mG e ), 

VS' 0) = -2G e -G e!XX , V^ 1] = -3(d(d-d 3 y l (md + 2dm)G e ). 

Let ip satisfy the spectral problem (|2,3p and an auxiliary problem 

iHn = Vi/>. (2.13) 

where V is defined by (|2.8p and (|2.9p . The compatibility condition between 
(|2.3p and (|2.13p yields the zero-curvature equation 

U tn -V x + [U,V}=0, 

which is equivalent to the DP hierarchy 

DP n (u) = m tn - X n = 0, n > 0, (2.14) 



where the vector fields are given by 



X n = JG n = J5? n G , n>0. 

By definition, the set of solutions of (|2.14p . with n ranging in No, rep- 
resents the class of algebro-geometric DP solutions. At times it convenient 
to abbreviate algebro-geometric stationary DP solutions u simply as DP 
potentials. 

The system of equations DPo(u) = represents the DP equation. 
In order to derive the corresponding plane algebraic curve, we consider 
the stationary zero-curvature equation 



(2.15) 



which is equivalent to (|2.7p . but the term z l l 2 V can ensure that the following 
algebraic curve is in positive powers of z. 

A direct calculation shows that the matrix yl — z l l 2 V also satisfies the 
stationary zero-curvature equation, then we conclude that 



d_ 

dx 



(det(y/ - z 1/2 V)) = 0, 



which implies that the characteristic polynomial det(y/ — z^^V) of Lax 
matrix z l / 2 V is independent of the variable x. Therefore we define the 
algebraic curve 

T r (z, y) = det(yJ - z l ' 2 V) = y 3 + yS r (z) - T r (z), (2.16) 
where S r (z) and T r (z) are polynomials with constant coefficients of z, 



S r (z) 

T r (z) 



+ 



,3/2 



V n V X2 

V21 V22 

V u Vn V 13 

V21 V22 V23 

V31 V32 V33 



^22 V23 
V32 V33 



+ 



V u V 13 

v 31 v 33 



(2.17) 
(2.18) 



In order to ensure the polynomials with integer powers, we introduce the 
z = z 2 , the algebraic curve becomes, 



Fr{z,y) = y 3 + yS r (z) - T r (z), 



(2.19) 
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where S r (z) and T r {z) are polynomials with constant coefficients of z, 

S r (z) = Z 



+ 



T r (z) 



4n+2 

Ec =8n+6-2j 

j=0 

V u F12 F13 
V21 V22 V23 
V31 V32 V33 

6n+4 
j=0 



V33 



+ 



^11 ^13 
V31 V33 



(2.20) 



5 3 



~12n+9-2j 



(2.211 



We note that T r (z) is a polynomial of degree r (r = 3(4n + 3)) with respect 
to z, then F r {z,y) = naturally leads to the plane third order algebraic 
curve /C r _2 of genus r — 2 € N (see Remark 2.2 and Remark 2.3), 



ZC r _ 2 : T r {z,y) = y 3 + yS r (z) - T r (z) = 0, r = Yin + 9. 



(2.22) 



The algebraic curve /C r _2 in (|2.22p is compactified by joining three points 
at infinity 

^00 i 1 ^ — 1)2,3, 

but for notational simplicity the compactification is also denoted by /C r _2- 
Points on 

K r - 2 \{Pooi}, i = 1,2,3 

are represented as pairs P = (z,y(P)), where y(-) is the meromorphic func- 
tion on /C r _2 satisfying 

P r (S,y(P))=0. 

The complex structure on /C r _2 is defined in the usual way by introducing 
local coordinates 

Cq : P C = z ~ So 



near points 



Qo = (zoMQo)) e Kr-MPo = (0,0)}, 



which are neither branch nor singular points of K- r -2\ near Pq = (0,0), the 
local coordinate is 



Cp : P -> C = 5 ; 



(2.23) 
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and similarly at branch and singular points of fC r -2] near the points P OQi E 
IC r -2, the local coordinates are 

<P eoi -P^C = z- 1 , i = 1,2,3. (2.24) 
The holomorphic map *, changing sheets, is defined by 

{/C r _2 — > IC r -2, 
p = (z,yj{z)) -> P* = (z,y j+1{mod 3 )(i)), j = 0, 1,2, 
p ** . = etc ? ^2.25) 

where yj(z), j = 0, 1, 2 denote the three branches of y{P) satisfying J>(5, y) = 
0. 

Finally, positive divisors on /C r _2 of degree r — 2 are denoted by 



i'-^2?A,...,p r _ a (P) 



'/C r _ 2 -»• N , 

k if P occurs times in {Pi, . . . , P r _2}i 

Oif P^{Pi,...,P r _ 2 }. 

(2.26) 

In particular, the divisor (</>(•)) of a meromorphic function <j)(-) on ^C r _2 is 
defined by 

(0(-)) : /Cr_ 2 -)• Z, P^w (P), (2.27) 

where w*(P) = m E Z if (0 o C P X )(C) = E~ =mo c n( P K™ for some m E Z 
by using a chart (UpXp) near P £ /C r _2- 

Remark 2.2 In i/zis paper, we make the following two assumptions about 
the curve /C r _2-' 

(i) The affine plane algebraic curve /C r _2 is nonsingular. 

(ii) The leading coefficients of S T (z), T r (z) satisfy 

2a/ Z 3 ,-,3/2 



± - T r , + 0. (2.28) 

Multiplying the polynomial T r (z) by a constant h € R (or C), one easily 
finds the curve (|2.22p changes into 

P r (z,y) = y 3 + yS r (z) - hT r (z) = 0. 

Since there exists a constant H such that 

^^-S% 2 - HT rfi + 0, 

we assume (|2.28p is always true for the curve /C r _2 (|2.22p without loss of 
generality. 
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Next, we give a few words about computing the genus of the curve (|2.22j) 
under the two assumptions in Remark 12.21 

Remark 2.3 In this paper, we denote by fC the associated projective curve 
of a affine curve JC. There are two approaches to compute the genus g of 
K, r -2- One of them is to use the formula 

= (n-l)(n-2)/2, (2.29) 

where n is the degree of corresponding homogeneous polynomial of fC r ~2, if 
the curve YZ r -2 is nonsingular (smooth). The Fermat curve is a celebrated 
example of smooth projective curves. In general, the projective curve /C r _2 
may be singular even the associated affine curve K, r -2 is nonsingular. In this 
case one has to account for the singularities at infinity and properly amend 
the genus formula (I2.29P according to the results of Clebsch, M. Noether, 
and Plucker. Alternative and more efficient way is to use a special case 
of Riemann-Hurwitz formula. The g-number g [34] of tC r -2 and hence the 
genus o//C r _2 if JC r -2 is nonsingular (smooth), is 

g = l-N + B/2, with B= ^ (k(P)-l), (2.30) 

PeK.,-2 

where N is the number of sheets of tC r -2, B is the total branching number 
of sheets of /C r _2> an d k(P) — 1 is the branching order of P £ /C r _2- In 
the current DP case, one easily finds N = 3. Next, one accounts for the 
computation of B. The discriminant A(z) of the curve (|2.22p defined by 
A(z) = 27Tr(z)+4S'r(z) = z 2 Ai(z), where Ai(z) a polynomial of degree 2r— 
2 with Ai(0) 7^ 0. Hence the Riemann surface defined by the compactification 
of (|2.22p can have at most 2r double points. However, since z = is a triple 
root of equation (12. 22ft . there are at most 2r — 2 double points on K, r -2- Then 
if all branch points except Pq are distinct double points, one obtains (taking 
into account the triple point at Pq) 

B = (W-l)= E (k(P)-l) + (k(P )-l). 

PeKr-2 P&K r - 2 \{Po} 

= (2r - 2) + 2 = 24n + 18 
Substituting the value of N,B into the Riemann-Hurwitz formula (12.30!) . we 



10 



derive g = Yin + 7 = r — 2. 

Obviously, the DP-type curve /C r _2 differs from other kinds of algebraic 
curves (such as KdV-type, AKNS-type, Boussinesq-type, etc.) in the sense 
that it is compactified by three distinct points P ODi (i = 1,2,3) at infinity. 
Moreover, the genus of /C r _2 is not r — 2 if we remove the assumption (ii) 
in Remark 2.2. In the KdV (or AKNS, Boussinesq) case, the topological 
genus is uniquely determined as long as the given affine curve is nonsingu- 
lar. However, in the DP case, the only assumption that the affine curve is 
nonsingular can not ensure its topological genus is of one type. Thus we add 
a condition (|2.28p to the curve JC r -2- 

Remark 2.4 We investigate what happens at the point infinity on our DP- 
type curve K, r -2- Following the treatment in |11] we substitute the variable 
v = z" 1 into (|2.22p yields 

( v *n + 3 y) 3 + {Srfi + SrAV 2 + ,^ + SrAn+2V 8n + 4 )v 4n+3 y 

- (T rfi + ... + T rfin+A v 12n+8 ) = 0. (2.31) 

Let vi = v 4n+3 y, (|2.3ip becomes 

vf + Sr :0 vi - T Tfl = (2.32) 

as v —> (corresponding to z — )• oo). This corresponds to three distinct 
points Pooj, j = 1,2,3 at infinity (each with multiplicity one), given by the 
three points (0,Nj) for j = 1,2,3, where (j = 1,2,3) are the three distinct 
roots of equation (|2.32p . As each point at infinity has multiplicity one , none 
are branch points, and consequently each admits the local coordinate (12.241) 
for \z\ sufficiently large. 

Similarly, near point Pq = (0,0) G /C r -2, one finds y 3 = by taking 
z —> in (|2.22p . This corresponds to one point of multiplicity three at 
5 = 0. We therefore use the coordinate (I2.23P at the branch point Po- 

3 The stationary DP formalism 

In this section, we are devoted to a detailed study of the stationary DP 
hierarchy. Our principle tools are derived from a fundamental meromorphic 
function <f> on the algebraic curve tC r -2- With the help of 4> we study the 
Baker-Akhiezer vector ip, and Dubrovin-type equations. 

First, we give a brief description about the Baker-Akhiezer functions. 
The exponential e z is analytic in C and has an essential singularity at the 
point z = oo. If q(z) is a rational function, then f(z) = e q ^ is analytic in 
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1)1 everywhere except at the poles of q(z), where f(z) has essential 
singular points. In the last century Clebsh and Gordan considered a gener- 
alizing functions of exponential type to Riemann surfaces of higher genus. 
Baker noted that such functions of exponential type can be expressed in 
terms of theta functions of Riemann surfaces. Akhiezer first directed atten- 
tion to the fact that under certain conditions functions of exponential type 
on hyperelliptic Riemann surfaces are eigenfunctions of second-order linear 
diferential operators. Following the established tradition, we call functions 
of exponential type on Riemann surfaces Baker-Akhiezer functions. 

Next, we introduce the stationary vector Baker-Akhiezer function tp = 

ip x (P,x,x ) = U(u{x), z(P))tp(P,x,x ), 
zV(u(x), z(P))i/;(P, x, x ) = y(P)ip(P, x, x Q ), 

^ 2 {P,x ,x ) = l; P=(z,y)eJC r ^ 2 \{P oo .,P }, * = 1,2,3, x G C. 

(3.1) 

Closely related to i/)(P,x,xq) is the following meromorphic function <p(P,x) 
on fC r -2 defined by 

( j = ^2APX,X ) p £ x e c 

tfj 2 {P,x,x ) 

such that 

MP,x,x ) = exp^ 1 ^ <j){P,x')dx^j , Pe /C^UPoo^Po}, i = 1,2,3. 

(3.3) 

Since <f) is the fundamental ingredient for the construction of algebro-geometric 
solutions of the stationary DP hierarchy, we next seek its connection with 
the recursion formalism of Section 2. By using (I3.ip . a direct calculation 
gives 

- yV u + C r zF r „ y 2 V 2 i - yAr + B r 



where 



yV 2 i + K y 2 Vn - yC r + D r E r 

A r = z(V 23 V 31 - V 33 V 21 ) 

= z[V 23 V 31 + V 21 (V 22 + V 11 )], 
B r = z 2 [V 22 (V u V 21 + V 23 V 31 ) - V 21 (V 12 V 21 + V 23 V 32 )}, 
C r = z(V 21 V 32 - V 22 V 3l ) 

= ^21^32 + ^(^11+^33)], 

D r = ~z 2 [yzi{VuV 33 - V V3 V 3l ) + ^32(^21^33 " V23V31)], 



(3.4) 



(3.5) 
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E r = r[V 23 (V 2l V 33 - V u V 2 i - V 23 V 3l ) + V 13 V 2 \], 
F r = ~z 2 [V 31 (V 22 V 32 - V n V 32 + V 12 V 31 ) - V 21 Vi 2 \. 



The quantities A r , . . . ,F r in (|3.5p and (|3.6|) are of course not independent 
each other. There exist various interrelationships between them and S r , T r , 
some of which are summarized below. 



Lemma 3.1 Let (z,x) £ C 2 . Then 

'31 



V 2 \F r — V 3 \D r — C 2 — V 3 \S r , 



V 3 \E r = V 2 \B r — A 2 - V 21 S r , 

V 21 D r + V 31 B r - V 21 V 31 S r + A r C r = 0, 

T r V 2l V 31 + S r C r V 21 + S r A r V 31 - A r D r - B r C r = 0, 

E r F r = — T r C r V 2 \ — T r A r V 3 \ + B r D r , 



(3.7) 



(3i 



(3.9) 



E rx — — 2S r V 2 i + 3B r , 

9 9 3.1C 

V 31 F riX = -2VlS r + 3V 31 D r + 2S- 2 mF 33 ^ + V 31 mJ r , 

where 

J r = V 2 \V 3 2 - V U V 22 V 32 - V 13 V 31 V 32 - V 23 V 3 \ + 2V 21 V 32 V 12 + ^33^12. 

Proof. Using (jZZZD and JS3|, we have 

F r V 21 y + F r A r = V 3 \y 3 + (V 31 D r - C 2 T )y + C r D r 

= (V 31 D r - C 2 - VlS r )y + T r Vl + C r D r , 

E r V 31 y + E r C r = Vly 3 + (V 21 B r - A 2 r )y + A r B r 

= (V 2l B r -A 2 r - V 2 \S r )y + T r V 2 \ + A r B r , 

E r F r = (y 2 V 21 - yAr + B r )(y 2 V 31 - yC r + D r ) 
= (V 21 D r + V 3l B r -V 2l V 31 S r + A r C r )y 2 

+(T r V 21 V 31 + S r C r V 21 + S r A r V 3l - A r D r - B r C r )y. 
— T r C r V 2 \ — T r A r V 3 \ + B r D r . 
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By comparing the same powers of y, we arrive at (|3.7p - (|3.9p . With the help 
of (|3.6p and the stationary zero-curvature equation (|2.10p . we have 

E r , x = z 2 [V 21 (V 3 2 3 - VnVaa - V 22 V 33 + V 22 V U ) - ^23^31 

+2^22^23^31 " ^31^23^11 + 2^31^13^21 " ^23^21^32 " V 12 V 2 \] 

= —2S r V 2 i + 3B r , 
V 3 iF r>x = z 2 [2V 3 \ (V 21 V 12 - V U V 22 + V 13 V 31 - ^11^33 + ^32^23 - ^22^33) 

+V 3 \V n V 22 " 37^13 + 3^1^33 " 3^3^23^32 + V&V22V33] 
+ 2z~ 2 mV 33 F r + mV 3 \J r 
= -2V 3 \S r + 3V3iL> r + 2z- 2 mV 33 F r + mV 31 J r , 

which is just ([330]) • □ 

By inspection of (|2.1ip and (|3.6p . one infers that E r and z 2 F r are 
polynomials with respect to z of degree r — 5 and r — 3, respectively. 
Let {/ij(x)}j = i v .. )r _5 an d { l/ j( a; )}j=i,...,r-3 denote the zeros of E r (x) and 
z 2 F r (x), respectively. Hence we may write 

r— 5 

E r = uH(z- H (x)), (3.11) 
3=1 

r-3 

F r = -uu\z- 2 Y[(z~ Vj(x)). (3.12) 

3=1 

Defining 

faix) = ( H (x),- f r [^ X \ ) G/C r _ 2 , J = l,...,r-5,xeC, (3.13) 

Pj(x) = U{x)- ^p^h^ \ e K r -2, j = h...,r-3, xeC. (3.14) 
V V 3l {vj{x),x)J 

One infers from (13. 4p that the divisor (4>(P,x)) of <p(P,x) is given by 

(0(P,x)) = Pp ,^)(P) - V PooiSx) (P), (3.15) 

where 

£(z) = {C>i(x),.. .,i> r - 3 (x)}, fi(x) = {P 0O2 ,P 0O3 ,/i 1 (a;), . . . ,/i r _ 5 (x)}. 
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2,2,2 n ar,, ( 3 - 17 ) 



That is, Pq,ui(x), . . . ,v , r - 3 (x) are the r — 2 zeros of c/>(P,x) and -Pooi j -foo 2 > 
Poo 3 , P>i(x), ■ ■ ■ ,p, r -5(x) its r - 2 poles. 

Since from (|2.25[) . Vj(z), j = 0, 1, 2 satisfy T r (z, y) = 0, that is 

(y - Vo(z))(y - yi(~z))(y - V2{z)) = y 3 + yS r {z) - T r (z) = 0, (3.16) 
then we can easily get 

Vo + yi + V2 = 0, 
2/02/1 + 2/02/2 + 2/12/2 = S r (z), 
2/02/12/2 = T r (z), 
2/o + 2/i +2/2 = -25" r (z), 
2/o + 2/i+2/i = 3T r (5), 

2 2 , 2 2, 2 2 o2t~\ 

2/ 2/i + 2/o 2/ 2 + 2/i 2/ 2 = <Sr(z). 

Further properties of cp(P,x) and ^(P x, xq) are summarized as follows. 

Theorem 3.2 Assume fl3J]) and ([53]) . P = (z,y) G /C r _ 2 \ {P^Po}, 
i = 1,2, 3, and Zei (5, x, xo) £ C 3 . TTien 

<MP x) + 35" V(P x)0x(P, x) + ~z~ 2 4?{P, x) - ^M^0 s (P, x ) 

m(x) 

- 0(P, x) - r ll ^j4</ ) 2 (P, x) + mixYz- 1 + = 0, (3.18) 

m{x) m(x) 

cj>{P,x)4>{P*,x)4>{P*\x) = -5 3 f^4, (3.19) 

<j>(P,x) + 0(P*,x) + ^(P**,x) = Z E ^ X) (3.20) 
111 _ F riX (z,x) m(x)J r (ZjX) 



(3.21) 



</>(P,x) (f>(P*,x) <p(P**,x) zF r {z,x) zF r (z,x) 

2m(x)V 33 (z,x) 
z 3 V 3 i(z,x) 

y(P)cf>(P, x) + y{P*MP*, x) + y(P**)<j>(P**,x) = 
„ 3T r (z)V 21 (z,x) + 2S r (z)A r (z,x) 
Z E r (z,x) ' [ ' ) 
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1p 2 (P, X, X )lp 2 (P*,X, X )lp 2 (P**,X, X ) = 
1p2,x( P > X > Xo)lp2,x(P*,X, X )lp 2 ,x(P**,X, X ) 

E r (z,x) 



E r (z, x) 

E r (z,x y 

F r (z,x) 
E r (z,x ) ' 



(3.23) 
(3.24) 



ip 2 {P,x,x Q ) 



1/3 



x exp 



E r (z,x ) 

y(P) 2 V 2 i(~z, x') - y(P)A r (~z, x 1 ) + f 5 r 0^, 



xo 



E r (z, x') 



(3.25) 



Proof. A straightforward calculation shows that f|3. 18j) holds. Next, we 
prove dS32D - (jS25D . From ([32]), (l3?7jl - (l3TT(l and (ETTTjl . we have 



<f>(P,x)fj>(P*,x)fj>(P**,x) 



X z — — — x z- 



y V 2 i + A r y{V 2 i + A r y 2 V 2 \ + A r 

^ yoyiyzjVziY + c r (v 31 ) 2 (y yi + y y 2 + mm) + c r 2 V3i(?/o + y 1 + y 2 ) + cj? 

2M/iy2(V2i) 3 + A-(V 2 i) 2 (yoyi + 2/02/2 + 2/12/2) + ^^21 (yo + yi + 2/2) + 
~ 3 JM^3i) 3 + q(^3i) 2 >gr + cv 3 

Z T r (V 2l f + A r {V 2l fS r + Af 

;3 T r(V3l) 3 + C r (V 31 D r ~ V2lFr ~ C 2 ) + C? 

Z T r (V 21 f + A r (V 21 B r - V 31 E r - A?) + A* 

_~ 3 Fr(z,x) 



E r (z, x) ' 
<l>(P,x) + <f>(P*,x) + <l>(P**,x) 



~V 21 {y 2 +yj + y\) - A r (y + yi+ y 2 ) + W r 



Er 



1 1 1 

+ "TTTT r + 



„—2S r V 2 i + 3B r 
E r 

. Er iX (#j x) 

E r (z,x) ' 

Vai (2/0 + 2/1 + yi) - C r (yo + yi + 272) + 3D r 



4>{P,x) 4>(P*,x) (j)(P**,x) 



zF r 



-2S r V 31 + 3D r 
SF r 

F rtX (z,x) _ mJ r (z,x) _ ^ mV 33 
zF r (z,x) zF r (z,x) z^Vai' 
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y{P)cj>{P, x) + y(P*)<f>(P*,x) + y(P**)<f>(P**,x) 

= - Y^yo+vl + - M vo + vl + vl) + B Ayo + yi + 2/2) 



Er 



3T r V2i ~\~ 2S r A r 

z — . 

E r 



V> 2 (P, x, x ) V2 {P* , x, x ) V2 (P** , x ) = exp (V 1 jT [0(P, x') + (t>(P* ,x') + <P(P** , x')]dx' 

U x P'r J 



E r (z, x) 

E r (z,x Q y 



1p2,x(P,X,X )lp2,x(P*,X,Xo)lp2,x{P**,X,X ) = Z 1 lp 2 (P, X, X )(j)(P, x) X Z 1 1p 2 (P* , X, X )(j)(P* , x) 

x 2-V 2 (P**,x,x o )0(P**,x) 
F r (z,x) 



Using ([33]), ([331) and (IBTTOjl . we obtain 



ip 2 (P,x,x ) 



exp 2 



exp z 



exp 



<l>(P,x')dx' 



xo 



-1 



x „y 2 V 2 i -yA r + 

z 



2S r V 2 l+E r 



xo Pr 
x „,2f/_. n . A 1 2 



-dx' 



y 2 V 2 i - yA r + ±S r V 2 i Aj , 1 f 



dx' + - 



E r 



E r (z,x) 
E r (z,xo)_ 

which implies (|3.25|) . □ 



1/3 



exp 



x y 2 V2i-yA r + lS r V2i dx , 



xo 



E r 



Next, we derive Dubrovin-type equations which is first-order coupled 
systems of differential equations, and govern the dynamics of the zeros Hj(x) 
and Vj{x) of E r (z,x) and F r (z,x) with respect to x. 

Lemma 3.3 Assume (|2.14p to hold in the stationary case. 
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(i) Suppose the zeros {fJ>j{x)}j=i,...,r—5 of E r (z,x) remain distinct for 
x € fin, where £1^ C C is open and connected. Then {Mj(ai)}j = i r _5 satisfy 
the system of differential equations, 

_ [Srjujjx)) + 3n(/^(x)) 2 ]y 2 i(^j(30,x) 

/ij x \ *^ / ^ 7 J 5***5' ^ J 

«Ilfc=i (A*j(ar) - /*k(aO) 
Mi 

(3.26) 

wzi/i initial conditions 

{frj(xo)}j=l,...,r-5 G (3.27) 

/or some /ixed xo G fin- initial value problem (|3.26p . (I3.27P /ias a unique 
solution satisfying 

ftj G C 00 (fi At ,/C r _ 2 ), j = l,...,r-5. (3.28) 

(ii) Suppose the zeros {vj{%)}j=i ...,r— 3 of F r (z,x) remain distinct for 
x G $1^, where Sl v C C is open and connected. Then {yj{x)}j=\ r ~3 satisfy 
the system of differential equations, 



Vj,x( x ) = u j( x ) 



2 [S r (vj(x)) + 3j/(t>j(x)) 2 ]V r 3 i(^-(x),x) + m(x)J r (vj(x),x) 

uul rifc= 3 i (fj(aO - 
Mi 

j = l,...,r-3 (3.29) 



u>ii/i initial conditions 

{%(cco)}j=i,...,r-3 e (3.30) 

/or some /ixed xo G fij,. XTie initial value problem (|3.29p . (|3.30|) /ias a unique 
solution satisfying 

Vj EC°°(n v ,)C r - 2 ), j = l,...,r-3. (3.31) 

Proof. From (|3.7p and (j3.8|) . substituting 2 = ^j(x) and respectively, 
we have 

^(/^^^(/^(a:)) - V2i(/ij(a;),a;)JB r (/ij(a;),a;) + A^/^x), x) = 0, 

(3.32) 

^3 2 i(^j( x )) x )^r(^j(^))-V3i(^(x),x)i^ r (^j(x),x)+C 2 (i/j(x),x) = 0. (3.33) 
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Then it is easy to get 

Brto{x),x) = V 21 ( N (x),x)S r („ j (x)) + ylfj^j 

= [S r ( Aii (x))+y(A J (x)) 2 ]y 21 (/i i (x),x), (3.34) 

D r { Vj {x) t x) = V 31 (u j (x),x)S r (u j (x)) + yj^fy% 

= [S r (u j (x))+y(i> j (x)) 2 }V 31 (u j (x),x). (3.35) 

Inserting ()3.34p and (|3.35j) into (13. 101) respectively, we obtain 

E r>x (fj,j(x),x) = [S r (fj,j(x)) + 3y(flj(x)) 2 ]V2i{nj(x),x), (3.36) 

F r>x (i/j(x),x) = [S r (vj(x)) + 3y(z> J (x)) 2 ]V r 3 i(z/ J (x),x) + m(x) J r (vj(x), x). 

(3.37) 

On the other hand, derivatives of ()3.11|) and (|3.12p with respect to x are 

r— 5 

E r ,x\z= H (x) = -WjA x ) II ~ Vk{x)), (3-38) 

k=l 

Mi 

r-3 

Fr,x\z= Vj {x) = uu\vj(x)~ 2 v^ x {x) Y[ - v h (x)). (3.39) 

fe=l 

Comparing ([336]) - (13391) leads to (1336]) and (1339]) . □ 

Remark 3.4 In Lemma \3.3[ we assume that {/Ltj(ic)}j=i,...,r-5 are pairwise 
distinct. However, if two or more of {fi>j(x)}j=i,... r—5 coincide at x = xq, 
the Dubrovin-type equation (|3.26p is ill-defined and the stationary algorithm 
breaks down at such value of x. Moreover, 8(z(P, fi(x))) = 9(z(P,v(x))) = 0. 
Therefore, when attempting to solve the Dubrovin-type equation (|3.26p . they 
must be augmented with appropriate divisor G a r ~ 2 K, r -2 as initial 

conditions. The similar analysis holds for {yj(x)}j=i,...,r-z- 

4 Stationary algebro-geometric solutions 

In this section we continue our study of the stationary DP hierarchy, and 
will obtain explicit Riemann theta function representations for the meromor- 
phic function <f>, the Baker- Akhiezer function tp2, and the algebro-geometric 
solutions u for the stationary DP hierarchy. 



19 



Lemma 4.1 Let x 6 C. 

(i) iVear P^ € K, r -2, in terms of the local coordinate £ = we have 



^'^^n^E^W ^P^Poo,, (4.1) 

where 



u T (x) 

k = -^f, Kl = 0, 4.2 

«2,xx + 3 (K0,x«2 + K K 2 , X ) + 3Kq^2 ~ K 2 + m = — (k 2 , z + 2k «2) , 

m 

(4.3) 

^3 = 0, 

K2 f ,a;x + 3 ^ K2iK2,;-2i,x + ^ ^2i^2l^2q-2i-2l ~ «2s 
i=0 i=0 ^=0 

= ^ (Zj J , (4-4) 

«2f+i=0, ?>2, ceN. (4.5) 
(ii) iVear P G K-r-2, i n terms of the local coordinate Q = Z3 , we /iave 

oo 

^^^^nE'jW^ 1 asP^Po, (4.6) 



where 



i 



io = —m3 : Li = 0, 

(m x /m)tl - 3i i 0tX 
1^2 = ^2 = U ' i3 = U ' 



t0,a; + ^0 — 



4 4 — ^2 j ^5 — u ) 

6 in 



'0 



'2 S 



Z ^f(2i i4 - 1) - 3(to,a;t4 + tot4,x) 

^■(2io<-2?-2 + t2?-4,a:) + t2?-4 — t2?-4,xx — 3(toi2c-2,a; + ^0,x^2<;-2) 



= my ' „ 2 ' 07 = 0, (4.7) 



Mr 

m 



3*3 



t2f+i=0, ?>4, ,£N. (4.8) 
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Proof. The existence of these asymptotic expansions (|4.ip and (|4,6p in 
terms of local coordinates £ = z -1 near P^ and ( = z5 near Po is clear 
from the explicit form of <f> in (|3.4|) . Insertion of the polynomials V^j (i, j = 
1,2,3) then, in principle, yields the explicit expansion coefficients in (|4.ip 
and (14. 6j) . For example, ko = u x (x)/u(x) and ki = in f)4.2f) . However, this 
is a cumbersome procedure, especially with regard to the next to leading 
coefficients in (|4.ip . Much more efficient is the actual computation of these 
coefficients utilizing the Riccati-type equation (|3,18p . Indeed, in terms of 
the local coordinate £ = zz , then (|3.18p can be written as 



5 (P, x) + 3C" 3 0(P, x)</> x (P, x) + (- 6 <j) 3 (P, x) - — <fe(P, x) 



m 



- 0(P, x) - C 3 —<f> 2 (P, x) + mC 3 + — C 3 = 
m m 

near the point Pq. Substituting a power series ansatz 



(4.9) 



asP^Po, 



into (|4.9p and comparing the same powers of £, then yields (|4.7p . 

Similarly, in terms of the local coordinate £ = equation (|3.18p can 
be written as 

4> XX {P, x) + 3C</»(P, x)MP, x) + CV(^>, x) - 0(P, x) - -^-MP, x) 

- C^4<P\P, x) + m(x)C + ^C" 1 = (4.10) 
m(x) m[x) 

near the point P OQl . Substituting a power series ansatz 

oo 

into (|4.10p and comparing the same powers of £, then yields the indicated 
Laurent series relations (|4.3p and (|4.4p . Finally, (|4.5p and (|4.8|) arise from 
the technical treatment in section 2 (z = z 2 , see (j2.19|) ). □ 

Remark 4.2 We have derived the explicit expressions for kq, K2?+1j? £ No 
m Lemma 14.11 . However, the coefficients ^2?,? E N in t/ie high-energy ex- 
pansion of cj) are still implicit, since (|4.3p and (|4.4p involve the x-derivatives 
of ^2<j)? G N and hence yields a series of second order ODEs (or PDEs 
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in time- dependent case) with variable coefficients. In the process of solving 
other integrable evolution equations such as classical Thirring system{near 
the points i"b,±j see [H]), Camassa-Holm hierarchy {near the points Poo±, 
see [THUS]) j if we directly insert a ansatz into a Riccati-type equation, anal- 
ogous problem will arise. The DP hierarchy shares some similarities with the 
CH hierarchy at this point. Since the concrete expressions Kj,j > 2,j £ N 
are useless in the process of finding the algebro- geometric solutions of DP 
hierarchy, we are not intend to take effort to write out their explicit forms 
from (PHD - 

We assume /C r _2 to be nonsingular for the remainder of this section. We 
now introduce the holomorphic differentials rji(P) on /C r _2 defined by 

1 il l ~ l dz, l<Z<8n + 5, 

m(i ' ~ 3y(P) 2 + S r {z) \y(P)2 l - Sn - 6 dz, 8n + 6 < I < Yin + 7. 

(4.11) 

and choose an appropriate fixed homology basis {aj, bj} T j = 2 on /C r _2 in such 
a way that the intersection matrix of cycles satisfies 

a-j ob k = 5 jik , a,j o a k = 0, bj ob k = 0, j, k = 1, . . . , r - 2. 

Define an invertible matrix E G GL(r — 2, C) as follows 

E = (Ej )k )(r-2)x(r-2), Ej jk = I 

e(k) = (ei(fc), . . . , e r - 2 {k)), ej(k) = {E~ l ) j)k: 
and the normalized holomorphic differentials 

r-2 



n,- 



(4.12) 



oj = (l)rji, / ujj = 8 jtk , / u j = T jtk , j,k = l, 



,r-2. 



(4.13) 

One can see that the matrix V = f r -2)x(r-2) i s symmetric, and it has 
a positive-definite imaginary part. 

Next, choosing a convenient base point Qo £ K, r -2\{P o 1 , Po}, the vector 
of Riemann constants Eq q is given by (A. 45) [15], and the Abel maps Aq (') 
and (Xq (-) are defined by 
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P^A Qo (P) = (A Qo>1 (P),...,A Qo , r _ 2 (P)) 
r-P r P 



/ uji,..., w r „ 2 (mod I r _ 2 ), 



and 

a Qo : Div(/C r _ 2 ) -> J(/C r _ 2 ), 

PG/C r -2 

where L r _ 2 = {z£ C" 2 ! z = iV + TM, N, M_£ Z r ~ 2 }. 
For brevity, define the function z : /C r _ 2 x <r r ~ 

s(P,Q) = H Qo -^ Qo (P) + a Qo (pQ), 
Pe/C r _ 2 ,Q = (Q 1 ,...,Q r _ 2 )Ga r '- 2 /C r _ 2 , (4.14) 

here z(-,Q) is independent of the choice of base point Qq. The Riemann 
theta function 6(z) associated with /C r _ 2 and the homology is defined by 



exp (2m < n,z> +iri < n, nT >) , z E 



ir-2 



where < B_,C_>= B_- (7* = Y7j=i BjCj denotes the scalar product in C r 2 . 

(3) 

The normalized differential Wp^ p (-P) °f the third kind is the unique 
differential holomorphic on /C r _ 2 \ {Pood Pq} with simple poles at P OQl and 
Pq with residues ±1, respectively, that is, 



^Po(^) ^(C' + WR, asP^Po, 



C 



(4.15) 



In particular 

" u 3 

Then 

<■!> 



41pAP) = ^ j = l,...,r-2. 



/ W J» (P) = lnC + e( 3 )(Q ) + O(C), asP^P^, 
/ uf ^{P) = -lnC + e ( 3 )(Q )+O(C), asP^Po, 



(4.16) 



1 (T r /C r -2= lC r — 2 X ... X 
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where e^ 3 \Qo) is an integration constant. 

The theta function representation of (f>(P, x) then reads as follows. 

Theorem 4.3 Assume that the curve AC r _2 is nonsingular. Let P = (z, y) G 
K-r-2 \ {Pooi,Po} and let x,xq £ 0,^, where C C is open and connected. 
Suppose that 1^p,(x), or equivalently, is nonspecia^ for x E f^. Then 

6(z(P,v(x)))e(z(P ,ttx))) _ { J3) ^ f P / {3) 



4>{P,x) = -mi(i) \\\af~fr>~f ^^^ ex P e (Qo) ~ / w P m P n 

(4.17) 

Proof. Let be defined by the right-hand side of (|4.17j) with the aim to 
prove that </> = $. Prom (|4.16p it follows that 

exp (e®(Q ) - I* <4l Pol = C" 1 + Oil), as P -> P^, 

V ^ 1 (4.18) 

exp( e ( 3 )(Q )-| wgO f = C + O(C 2 ), asP^Po. 



Using ()3.15p we immediately know that (f> has simple poles at p,(x) and 
Pod, and simple zeros at Po and By (|4.17p and a special case of 

Riemann's vanishing theorem [12^ [15| I16j . we see that <E> shares the same 
properties. Hence, using the Riemann-Roch theorem ([EJ \TE\ I16j ) yields 
that the holomorphic function &/(f> = 7, where 7 is a constant with respect 
to P. Finally, considering the asymptotic expansion of $ and (j) near Po, we 
obtain 

from which we conclude that 7 = 1, where we used (|4.18p and (|4.6p . Hence, 
we prove (|4.17|) . □ 

(2) 

Furthermore, let lo p 3 (P) denote the normalized differential of the sec- 
ond kind which is holomorphic on AC r _2 \ {Po} with a pole of order 3 at 



2 The definition of a nonspeciai divisor see \V2\ . 
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where the constants {A 3 -}j = i r _2 G C are determined by the normalization 
condition 

[ Jpl 3 (P) = 0, j = l,...,r-2, 

J a j 

and the differentials {Vj{P)}j=i,... r- 2 (defined in (|4.1ip ) form a basis for 
the space of holomorphic differentials. Moreover, we define the vector of 
o-periods of ojp^ 3 , 

= (Ugl . . . , U^_ 2 ), llf] = ^-[ wg s , j = 1, . . . , r - 2. (4.20) 



Then 



f F v$, 3 (P) = ~\C 2 + 4 2) (Qo) + O(0, as P ^ P , 



P Jpl 3 (P) = ef(Qo) + /i 2) (Qo)C 2 + 0(C 4 ), as P ^ P^, 
Jo 

where eg (Qo), f 3 (Qo) are integration constants. 

Similarly, the theta function representation of the Baker- Akhiezer func- 
tion ip2(P, x , xq) is summarized in the following theorem. 

Theorem 4.4 Assume that the curve K, r ~2 is nonsingular. Let P = (z, y) G 
ZC r __2 \ {Poou-fb} let x,xo G fi^, where C C is open and connected. 
Suppose that T>^ x ^, or equivalently, T>m x \ is nonspecial for x G f2^. T/ien 

0(I(P,£(aO))0(I(i%, £(*,,))) 
0(*(-Fb, //(s)))0U(P, //(so))) 



x exp( f 2wk(x')dx'( f wgjg - ef ] (Q ] 



Proof. Assume temporarily that 

/Xj(a:) ^ H>k(x), for j ^ k and iGSl^C (4.22) 

where fi^ is open and connected. For the Baker- Akhiezer function 1^2 we 
will use the same strategy as was used in the previous proof. Let \& denote 
the right-hand side of (|4.2ip . We intend to prove ip2 = ^ ■ For that purpose 
we first investigate the local zeros and poles of ip2- Since 

ifo(P, x, s ) = exp (z- 1 J 0(P, x')dx'J , (4.23) 
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we can see that the zeros and poles of ip2 can come only from simple poles in 
the integrand (with positive and negative residues respectively). By using 
the definition f|3.4|) of <f>, f|3. lOj) and the Dubrovin equations (|3.26[) . we obtain 



E r 

JJ 2 V21-y A r + lV 2 lS r + lE r , a 



E r 

1 3y 2 + S r lE r>x l-3yA r + V 21 S r 
V21 ^ r -— h 



Hence 



where 



3 E r 3 E r 3 E r 

-Jl^^^.Y^M). (4 . 24) 



iP*) = h{-\^--\^- + 0{1) 
\ 3 z — fMj 3 z — fij 

= -Hj f j ' x + 0(1) as z -»• Hj(x), (4.25) 
z — fij 



V2i(Mi(aO) 



More concisely, 

4>{P,x) = fij(x)—ln(z — Hj(x)) + 0(1), for P near fij(x), (4.26) 
which together with (|4.23p yields 

fa(P,x,x ) = expU dx' (J^ln(z-fij{x')) + 0(l)^ 

Z - flj[X Q ) 

(z — Hj(x))0(l) for P near jlj(x) ^ fij(xo), 
= < 0(1) for P near p,j(x) = fcfa), (4.27) 
/u j (x ))~ 1 O(l) for P near Ai(^o) ¥= P>j( x ), 

where 0(1) ^ in (I4.27p . Consequently, all zeros and poles of ip2 and ^ 
on IC r -2 \ {-foou-fb} are simple and coincident. It remains to identify the 
behavior of ip2 and ^ near P OQ1 and Pq- 
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(i) Near P OD1 : from (|4. 1 1) . we infer 

exp/V 1 I dx'cj)(P,x')] =1+1 n (x')dx' + 0(( 2 ) as P^ P^. 

V Jxo ) Jx 

(4.28) 

Taking into account the expression (|4.2ip for ^, then shows that ip2 and \& 
have identical exponential behavior near Pooi- 

(ii) Near Pq: from (|4.6p . we arrive at 

z^ 1 / dx'<j>(P,x') = - (x')dx' (C 2 + 0(( 2 )) as P^P , 

J xo C - ^0 J xo 

Taking into account the expression (|4.2ip for \E r , then shows that ip2 and \? 
have identical exponential behavior up to order 0{Q 2 ) near Pq. 

The uniqueness result for Baker- Akhiezer functions ([13 1 ll5 t [T6 | ll8|) then 
completes the proof ^2 = ^ as both functions share the same singularities 
and zeros. The extension of this result from x E f2 M to x £ then simply 
follows from the continuity of o_q q and the hypothesis of T^^x) being non- 
special for x G O^. □ 

The asymptotic behavior of y{P) and S r near Pooi are summarized as 
follows. 

Lemma 4.5 

y(P) = -I^- 4 "- 3 (l + a C 2 + «iC 4 + O(C 6 )), asP^P^, (4.29) 

S r = -V 8 "- 6 (i + A,C 2 + /?iC 4 + 0(C 6 )), asP^P^, (4.30) 
C->0 6 

where g = — 3Hi and Hi is the root of of algebraic equation (|2.32p corre- 
sponding to the point Pqq, £ /C r _2- 

Proof. From (13.11) and (13.21). we arrive at 



y(P) = V 2 i (z3 + V 22 z + V230. (4.31) 

m 

Then, in terms of the local coordinate £ = z" 1 , insertion of (I2.1ip and (14. ID 
into (|4T3TT) yields 



1 n 00 

171 £=0 

n 

+E y 2?(Gt)c 



m 

£=o j=o 



=0 
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n oo 

+£^ ) (^)c 4( " +1 ^ ) £^- 1 

i=0 j=0 

= -^r 4 "- 3 (l + a C 2 + «iC 4 + O(C 6 )), as P^P^. (4.32) 
C^o 3 

Similarly, we recall the definition of S r , 

S r = ~Z 2 iy XX V 22 + FnVgg + V 22 V 33 " V 12 V 21 " ^13^31 - V^), (4.33) 

Insertion of gU into (|4T33l) leads to (|4T30D . □ 

A straightforward Laurent expansion of (j4.11|) . (|4.12p and (|4.13p near 
P OCl yields the following results. 

Lemma 4.6 Assume the curve K, r - 2 to be nonsingular. Then the vector of 
normalized holomorphic differentials u have the Laurent series 

w = (u*. . . . , u r - 2 ) = (p + Pl C + 0(( 2 ))d( (4.34) 

near P OQl with 

P = -^—re(8n + 5) + ^—e(r-2), 
- u g z — 1 g z — 1 

P, = -f^re(8n + A) + -^—e(r -3), 
— 1 £ z — 1 g z — 1 

where g = — 3Ni, Ni is given in Lemma 4.5. 

Proof. Using (|4,29p and (|4.30p . the local coordinate £ = z _1 near P 00l , we 
obtain 

3y 2 +5 r = ir 8n - 6 [^-l + (2^a -/3o)C 2 + (2f? 2 a 1 + ^a2_ / 3 1 )C 4 +0(C 6 )]. 

(4.35) 

Then 

_ . 8n+6 [ 1 2g 2 a -p 2 / 2g 2 a! + g 2 ag -/?! 



3C J 

'cup 
(? 2 - 1) J 



3y 2 + S r c^o L^-l ( e 2_i)2 * 'V -(e 2 -l) 2 

(V«o-^o) 2 A C 4 + 0(c6) - 
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From flglD , dSSD and (|Q5]| . we have 

r ~ 2 8n + 5 ?i-lj5 r ~ 2 ,.=f-8n-6j= 

i=l 1=1 u > r i =8n+6 i> ' 

8n+5 C'^dC T '~ 2 y(~ l+Sn+4 d( 

- -E*<0aFF5- I> m -3FT5- 

8n+5 1 o„2„ o ,o„2^ , „2„2 



E 3e i(oc- 



l+8n+5 



2g z a -Po^ 2+ / V«i + Q «o - A 



C^o ^ JWS L^-l (^_i)2- 'V -(^ 2 -l) 2 

+ (2 ^_" 1 j ? 3 o)2 )c 4 + o(c 6 )1^+ E ^ox ' - 1 



-l+r-2 

i=8n+6 



Q* - 1 



2£ 2 a - A)^ 2 + + g 2 ag - ft + (2 g 2 a - ftp) 



(£> 2 -l) 2 * V -(^ 2 -l) 2 (£> 2 -l) 3 
x [1 + a C 2 + "iC 4 + 0(( 6 )}d( 

co v^' (8n + 5) + 7^T eAr ~ 2) + [ ^I^ (8n + 4) + ^ 

x ej (r-3)]C + 0(C 2 ))dC, (4.37) 
which yields @33). D 

Theorem 4.7 Assume that the curve /C r _2 is nonsingular and let x, xo G C. 
Then 

1 f x 

SOoC^AC*)) = Sqo^A^o)) + ~ 2 )( x ~ x o) + e(8n + 5) / dx'(^i(/x)), 



(4.38) 

1 f x , 

QLq { V 0{x)) = «Qo(%(x )) + o£( r ~ 2 )( x ~ x )+e(8n + 5) dx'(*i(/£)), 

(4.39) 

where ^i(^) = — Hj(x). In particular, the Abel map does not lin- 

earize the divisor andT>$r.y 

Proof. We prove only (|4.38p as (j4.39p can be obtained from (|4.38p and 
Abel's theorem. Assume temporarily that 

Hj(x) / fij>(x) for j ^ j' and x E C C, (4.40) 
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where is open and connected. Then using (|3.26p . ()4.1ip and (|4.13p . one 
computes 



12n+4 ,/) . 12n+4 



i=i 1/(30 j=i 

12n+4 r-2 
j=l fc=l 

12n+4 t 7- / / u 8n+5 12n+4 T - . / \\ \ 

V- -^2l(/ij(g)) V- ri A #| k-l , -^2l(^j(g))y(/ij) 

~~ Z^ -rrl2n+4/ n Z^ e *W^j Z^ T-rl2n+4, n 

x £ e,(lb)/i}- M 

fc=8n+6 

= ^ TT 12n+4 r _ ^ + 2w ^ 

fc=l j=l U llp=l W /^pJ fc=8n+6 

j= i u W 1 p=i A {^j -th) 
= ^ E M n 12 " + ^--M) + ^ e/( } 

fc=l i=l "llp=l VPJ MpJ fc=8n+6 



X 



3=1 ^np=i +4 (^ -up) 



Using the standard Largange interpolation argument then yields 

^-a Qa {p m ) = *i(/x)e,(8n + 5) + ^(r - 2). (4.41) 
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Then we have 

1 f x , 

a Qo (V fl{x) ) = a Qo (V fl{xo) ) + -e(r-2)(x-xo) + e(8n + 5) / dx (*i (//)). 

(4.42) 

The equality (|4.39p follows from the linear equivalence 
that is, 

^Qo( P °oi) + «Q ( P AW) = A Qo {Po) +a Qo (V» {x) ), 

and (|4.42p . The extension of all these results from x G fi^ to x G C then 
simply follows from the continuity of q.q q and the hypothesis of T^p,( x ) being 
nonspecial on f2^. □ 

Next, we provide an explicit representation for the stationary DP so- 
lutions u in terms of the Riemann theta function associated with /C r _2j 
assuming the affme part of /C r _2 to be nonsingular. 

Theorem 4.8 Assume that u satisfies the n-th stationary DP equation (12. 14ft . 
that is, X n (u) = 0, and the curve /C r _2 is nonsingular. Let x G Q^, where 
Qfj, C C is open and connected. Suppose that T)jx[ x ), or equivalently T)^ x ^ is 
nonspecial for x G Q^. Then 

Proof. Using Theorem 14.41 one can write ip2 near P 0O1 in the coordinate 

C = z , as 

MP, xo) C = Q {o-o(x) + <ri(x)C + o- 2 (x)( 2 + 0(C 3 )) (4.44) 

x exp \^J\m^{x')dx^j (/ 3 (2) (Qo)C 2 + 0(C 4 ))) , as P^ P^, 

where the terms o~o(x), o~\(x) and o~2(x) in (|4.44[) come from the Taylor ex- 
pansion about P 00l of the ratios of the theta functions in (|4.2ip . That is 



9 (z(P, //(a;))) 9 {*Qo ~ £q (P) + Ql Qo (V^ x) 



[m,m)) 9 (Z Q0 -A Qo (P ) + a Qo (V^ x) ) 

0(Z QO -A Qo ( Pooi ) + a Qo {V t{x) ) + ^ 



^(H Qo -^Q (Po) + a Qo (P^ 
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-Qo 



^(^J + aj,^*)) - pojC - but 2 + o(c 3 



1 



e[-Z Qo -A QQ {P Q ) + a Qo {V Kx 



96*o 1 r sA ( d6o ^-A d 2 9 \ 2 3 

*° - E a^^wC - 2 E " E ap^^.* J C + o(C 



r-2 



r-2 



1^2/ 



# 3*00,. 2 9 x d o-9 u( 2) e c 



where 



c + 



C 2 + 0(C 3 ), as P^P, 



(4.45) 



#o = e (x) = 0(1^, £(*))) = 6 [E Qo -Aq^PooJ + OQ (V m ) ) , 

e, = e 1 (x) = 0(|(p o , £(*))) = o (hq - 4q (p ) + «Q (^( ; 



and 



r-2 







V 



(2) 



2^ U 3,j ds , 



J 



denotes the directional derivative in the direction of the vector of 6-periods 
, defined by 

1 



y~3 — \ u 3,l ' • • • ' u 3,r 



(2) 



) Tj {2) - — / J 2) 7-1 r-2 



(2) 

with u;^/ 3 holomorphic on /C r _2 \ {-Pooi} with a pole of order 3 at -Pooi> 
w S l3 ( P ) =AC 3 + 0(l))dC asP^P^. 



(4.46) 

OOl ) 

(4.47) 



Similarly, we have 



(l(p,A(x ))) \e(z(p ,fi(x))) 



X=XQ 



70 



£ = #0 



i(l+^.lne C + O(C 2 )) 
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. fli (so) 
C->o o (x o ) 



l + cUn0 o (x) ( + 0(C 2 ) , as P^P 



X=XQ 



CXDl ■ 



(4.48) 



Then the Taylor expansion about ip2 is as follows 
e(z(P,jl(x)))6(z(P ,fi(xo))) 



C^o d(z(P ,fi(x)))6(z(P,fi(x ))) 



x exp 



J'l) 



2mHx')dx') (/f } (Qo)C 2 + 0(C 



i(xq) 0o(s) / flifro) O (x) 



'o(xo) 0i(x) V0o(x o ) 0i (x) 



+o(C 



x exp 



5 x ln O (x) 



2mi(x')dx') [f^(Q )C + O(C 



_ 0i (x ) d x 9 (x) 

x=x 0o(x O ) 0l(x) 



•''ii 



(x ) o (x) 0i (x ) 0o(x) 



+ 



d x ln 6 Q (x) 



X=XQ 



'o(xo) 01 (x) O (x ) 01 (x 
+0(C 2 )1 x (l+ f/ 3 (2) (Q ) /"2m^(x')dx')c 2 + 0(C 4 ) 



^ln0 o (x) C 



as P -»• P 



ooi • 



(4.49) 



Hence, comparing the same powers of £ in (|4.44p and (|4.49p gives 
0i (so) 0o(x) 



cr (x) 

£71 (x) 

If we set 



o (x o ) 0i (x)' 
0i (so) 0q (x) 
0o(x o ) 0i (x) 



<9 x ln O (x) 



X=XQ 



d x ln9 (x) . 



(4.50) 



^2 = (c7 (x) + ax (x)C + £i 2 (x)C 2 + 0(C 3 )) exp(A), as P -)■ P Xl (4.51) 
C^o 



with 



exp (A) = exp ( QT 2m s (x')cix') (/ 3 (2) (Q )( 2 + 0(C 4 ) 
1 + (/f(Qo) £ 2m§(x')e*/) C 2 + 0(C 4 )) 
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then we compute its x-derivatives as (P — > -Pooi) 

V>2,* = q {*o,x + + 0(C 2 )) exp (A) + ((2/ 3 (2) (Q )"i3) C 2 + 0(C 4 )) 02 



02,a;a; = &0,xx + <Tl,xx( + 0(( 2 ), 
<->0 

^2,xxx = <J$,xxx + Vl C + o(C 



(4.52) 



2^ 



By eliminating ipi and 03 in (|2.3p . we arrive at 

02,^ = -mz" 2 + —1p 2 ,xx - —^2 + 02,3: • (4.53) 
to to 

Substituting ()4.52p into ()4.53p and comparing the coefficients of £ , we ob- 
tain 

O"0,a;a;a; = {C0,xx ~ &0) + CO.xj 

m 

namely, 

(ctq.xx ~ o~o)x _ mx_ _ (u(x) - u, xx (x)) x 
<?o,xx ~ o"o rn u(x) - u xx (x) 
which together with the first line of (|4.50p leads to (|4.43p . □ 

Remark 4.9 We note the unusual fact that Pq, as opposed to -Poo 4) i = 
1,2,3, is the essential singularity of 02- What makes matters worse is the 
intricate x- dependence of the leading- order exponential term in ip2, near 
Pq, as displayed in (|4.2ip . This is in sharp contrast to standard Baker- 
Akhiezer functions that typically feature a linear behavior with respect to x 
in connection with their essential singularities of the type exp((x — xo)C -2 ) 
near £ = 0. Therefore, in Theorem 14.71 the Abel map does not provide the 
proper change of variables to linearize the divisor T>^ x ^ in the DP context is 
in sharp contrast to standard integrable soliton equations such as the KdV 
and AKNS hierarchies. 



5 The time-dependent DP formalism 

In this section we extend the results of Section 3 to the time-dependent DP 
hierarchy. We employ the notations Gj, V, Vij, etc., in order to distinguish 
them from Gj, V, Vij, etc. In addition, we indicate that the individual pth 
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DP flow by a separate time variable t p 6 C. In analogy to (|3,ip . we introduce 
the time-dependent vector Baker- Akhiezer function ip = (ipi,ip2,' l l J 3) t by 



(5.1) 



ipx(P,x,xo,tp,t 0i p) = U(u(x,t p ),z(P))ip(P,x,x ,t p ,t 0)P ), 

tpt p (P,x,x ,t p ,t 0j p) = V(u(x,t p ),z(P))ip(P,x,x ,t p ,to, p ), 
zV(u(x, t p ), z(P))ip(P, x, x ,t p , t ,p) = y(P)ip(P, x, x ,t p , t , p ), 
ip2(P, xo,xo,to,p, to, P ) = 1, x, tp e C, 

where V = (V^) 3X 3, and 

Vi^^V^iGt)^- 1 ^ i,j = l,...,3, 1 = 0,. ..,p (5.2) 
«=o 

with V-j (Gi) determined by Gi, which is defined in (j2.6|) by substituting Gi 
for G,. 

The compatibility conditions of the first three expressions in (|5.ip yield 
that 

U tp (z)-V x (z) + [U(z),V(z)}=0, 
-V x (z) + [U(z),V(z)}=0, (5.3) 
-Vt p (i) + [^),y(5)] = 0. 

A direct calculation shows that yl — zV{z) satisfies the last two equations 
in (15. 3p . Then the characteristic polynomial of Lax matrix zV{z) for the 
DP hierarchy is an independent constant of variables x and t p with the 
expansion 

det(yJ - W) = y 3 + yS r {z) - T r (z), (5.4) 

where S r (z) and T r {z) are defined as in ()2.20p . Then the time-dependent 
DP curve /C r _2 is defined by 

Kr-2 ■ P r (z,y) = y 3 + yS r (z) - T r (z) = 0. (5.5) 

In analogy to (|3.2p . we can define the following meromorphic function 4>(P, x, t p ) 
on /C r _2 the fundamental ingredient for the construction of algebro-geometric 
solutions of the time-dependent DP hierarchy, 

z d^^^^ PelCr _ 2 , x eC. (5.6) 
tp 2 (P,x,xo,t p ,to, p ) 
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Using (|5.ip . a direct calculation shows that 

4>(P,x,t p ) = MiCz,x,t p ) + C r Cz,x,t p 



yV2i(z,x,t p ) +A r (z,x,t p ) 
F r (z, x,tp) 



y 2 V 31 {z,x,t p ) - yC r (z,x,t p ) + D r (z,x,t p ) 
5 y 2 V2i(z,x,t p ) - yA r (z,x,t p ) + B r (z,x,t p ) , g 



E r {z,x, tp) 

where P = (z, y) G /C r _2, (x, t p ) G C 2 , and A r (,z, x, i p ), x, C r (z, x, 
D r (z, x, t p ), E r (z, x, t p ), F r (z, x, t p ) and J r (z, x, t p ) are defined as in (|3.5[) and 
(|3.6p . Hence the interrelationships among them (|3.7p - (|3.10p also hold in the 
time-dependent case. 

Similarly, we denote by {fij(x, tp)}j=i,...,r- 5 and {fj(x, ip)}j=i,...,r-3 the 
zeros of E r (z,x,t p ) and z 2 F r (z,x,t p ), respectively. Thus, we may write 

r-5 

E r {z,x,t p ) = u(x,tp) JJ(z - (ij(x,t p )), (5.8) 

r-3 

F r (z,x,t p ) = -u(x,t p )ul(x,tp)z~ 2 Y[(z - Uj(x,t p )). (5.9) 

i=i 

Defining 



(ij{x,tp) = ( y ji j (x,tp),y{fi j {x,tp)) 



i j. \ A r (/j,j(x,t p ), x,t p ) ■ 

^j{x,t p ),-—- — —— G /C r _ 2 , 5.10 

V 2 i{Hj{x,tp),x,tp) 1 



j = 1,. . . ,r - 5, (x,i p ) G 



v2 



i>j(x,t p ) = (v j (x,t p ),y(C> j (x,tp))) 



^,tp),- ^ r{ p { ^Y^\ ) £ ^ (5 - n) 

V3i(^(x,tp),x,t p )y 

j = 1, . . . ,r - 3, (x,t p ) G C 2 . 
One infers from (15. 71) that the divisor ((j)(P,x,t p )) of 4>(P,x,tp) is given by 
(<XP,x,t p )) = ^.^^(P) " ^./Kx.tpjCi'), (5-12) 
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where 



v{x,t p ) = {r>i(a;,tp),... , i> r _ 3 (x, t p )}, 

/2(x, tp) {-Pqoj , P003 ; Al (*^! ^p)j ■ • ■ ) i^r—bisd ^p)}- 

That is, Po> ^i(x> tp), • • • > v r -${x, t p ) are the r — 2 zeros of 4>(P,x,t p ) and 
Pooi,-Poo 2 ) Poo 3 ,fa(x,t p ), ■ ■ ■ ,ft r - 5 (x,t p ) its r - 2 poles. 

Further properties of (p(P,x,t p ) are summarized as follows. 

Theorem 5.1 Assume (f5TTj) and ([5TB]) . P = G /C r _ 2 \ {Poo» 5 -£o}> 

z = 1,2,3, and let (z,x,t p ) G C 3 . Then 




(5.13) 



<Pt p (P,x,t p ) 



+V 2 2(z,X,t p ) + V 23 (z,X,t p )z 1 <J)(P,X,t p ) 



Zd x ( V ^ X fv\ ? _ SM p, Xj t) _ 2 (p) ^ f }) 




(5.14) 



(t>{P,X,t p )4>{P* ,X,t p )(/)(P** ,X,tp) 



= —z 



~3 C^j %>) 
-Ey (.5, x, tp) 



(5.15) 



0(P, X, t p ) + 0(P*, x, t p ) + 4>{P*\ X, t p ) 



= z 



E r (5, x, tp) 



(5.16) 



11 1 Pr,x(.Z> X,t p ) 



4>(P,x,t p ) (j>(P*,x,t p ) 4>(P**,x,t p ) zF r (z,x,t p ) 
m(x,tp)J r (z,x,tp) _ 2m(x,t p )V 33 (z,x,t p ) 
zF r (z,x,t p ) z 3 V 31 (z,x,t p ) 



(5.17) 



y(P)(t>(P, x, t p ) + y{P*)cp{P*,x, t p ) + y(P**)<P(P*\x, t p ) = 
3T r (z)V2i(z,x,t p ) + 2S r (z)A r (z,x,t p ) 
E r (z, x, tp) 



(5.18) 
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Proof. Equation (f5TT3]) follows from pTl~j) and ff577|> . Relation (pUl)) can 
be proved as follows. Differentiating (|5.6p with respect to t p and using (|5.ip . 
we have 



59, 



V 2 li>l + ^22^2 + ^23^3 



V 2 y 
m 



i>2 



+ V 22 + V 2 J^ 
V2 



(-Z<P X - ^ + Z 2 ) + V 22 + 



(5.19) 



Moreover, (|5.15p - ([5.18p can be derived as in Theorem 13.21 □ 

Next, we consider the i p -dependence of E r and F r . 
Lemma 5.2 Assume (|5.ip . (|5.3p and Ze£ (z,x,t p ) G C 3 . T/ien 

^21 



E r j p (z,x,t p ) = E r , x (z,x,t p )[V 2 3 - ^77^23) + -E r (5,x,tp)3( y 5 



21 



x 22 



^1 



V: 



22 



21 



(5.20) 



Fr,t p {z, x, tpj 



F r)X (z,x,t p )V 3 2 - Jr(z,x,t p )(z 2 V 3 i + mV3 2 ) 

+F r (~Z, X, t p ) (w 22 + 3F 2 3,x " S^(-^3i + ^32) 
V z A 1/31 m > 

(5.21) 



Proof. From (15.11) and (15.61). we obtain 



Z<f>x + 



{-~z~ l y + V 22 + z-"V 2 z<t>) + ~z 2 . 



(5.22) 



Hence, one can compute 

Z(j) x (P,X,t p ) + Z(j) x (P*,X,t p ) + Z(j) x (P**,X,tp) 

+ <p 2 (P, x, tp) + <t> 2 {P\ x, tp) + 4> 2 (P**, x, tp) 



— (-z-'yo + V22 + z^V^P)) + z 2 
V21 



m 



+ ^(-z-V + y 22 + ~z- 1 v 2 ^{p*)) + ~z 2 
V21 

+ ^(-i- 1 ^ + ^22 + z- l V 2 z<t>{P**)) + z 2 
V21 

mz- 1 {y^ + yi + y 2 ) mV 22 2 

Wi + 3 ^T + 3z 

mi 1 V 23 



+ 



F21 



(</>(P) + ( /,(P*) + ( ^P**)) 
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3 m^2 + mz^V 23 { ^ p) + + ^ + ^ 3) 

^21 V21 



d tp (</>(P X, t p ) + 0(P*, X, t p ) + 0(P**, X, i p )) 
. Er,x X, ^p) 



and 



= z9t p 9a.(liLE r (2,a;,tp)) 

= 5^(111^ (5, x,t p )). (5.24) 
On the other hand, from (|5.14p . we can see that 

d tp (0(p, x, t p ) + <xp* , x, t p ) + <xp** , x, tp)) 

= zd x (— (z 2 - z(j) x (P,x,t p ) - <j) 2 (P,x,t p )) 

+V22 + V 23 Z~ 1 (P{P,X,t p i 



+ zdj — (z 2 - ~z<p x (P* ",x,t p ) - <P 2 (P* ,x,t p )) 
V m 

+V 2 2 + V 2 3Z- 1 <f>(P*,X,t p j) 

( Y^L(z 2 

~— 1 i / r?** 



-(i 2 - zct> x {P**,x, tp) - </> 2 (P**, x, tp)) 



+^22 + ^23* _ W'**, (5-25) 

Without loss of generality, we take the integration constants as zero and 
then obtain 

d tp (lnE r (z,x,tp)) = z(4> x (P,x,t p ) + (j) x (P*,x,t p ) + <f> x (P *,x,t p ) 

m 

V21f, 2 ( _ i \ . ,2 fr>* „ . \ . /2/ D ** 



??? 



! (P, X, tp) + <^(P*, X, tp) + 4?{P**,x, tp 



+z- l V 23 (<f>(P, x, tp) + </>(P*, x, tp) + ^(P**, x, tp)) 



+3V 22 + 3—z 2 
m 



-z- 1 (V 23 - ^-V 23 ) (<j>(P) + </>(P*) + 0(P**)) 



Vol 

+3^22 " 3-fi^22 

V 2 i 



39 



~z- l [V, 



<2Z 



V21 



21 



V23 ) ( z-^ ) + W22 - 



V-. 



21 



V 2X 

^23 - T7—V23 
V21 



Em 



V21 

+ 3V 2 2-3-^V 2 2, 

V21 



22 



(5.26) 



which implies 



V21 



E r:tp (z, X, t p ) = E r , x [ V 23 - ^ V 23 ) + E r 3 [ V22 ~jt V < 



21 



V; 



21 



V: 



22 



21 



(5.27) 



Relation (pHTT) can be proved as follows. Using ([53]), (1533]) . ([5TT5]) . (15371) 
and (I5.23p . we have 



\ E r (z,x,t p )/ 

= <p tp (p)^(p*)Hpn + HP)<t>t P ( p *)<i>(p**) + 4>{p)(t>{p*)(t>t P {pn 

= <p(p*)^p**) lzd x \Y^(-~z4> x (p) - 2 (p) + z 2 ) + V22 + %i~z~ l <t>{P) 



■V; 



+<j>(p)cf>(p**) I zd x ^(-zMP*) - <f\P*) + + V22 + v 23 r L <t>(p* 

\ l m 



+4>{P)4>{p*) [ zd x ^(- z <p x (P 

m 



(P**) + z l ) + V22 + V 23 z- 1 (p(P** 



0(P)<P(P*)<P(P* 



z 2 



m 



V 31 d x ln<j ) (P) ( l ) (P*)<P(P* 



zV, 



21, X 



tn 



(0(P)+0(P*) + 0(P**)) 



.rz 2 v 2l 



+z( — + V21 + V 22 , x ) + -7^ + 



1 



1 



1 



4>(P) <j>{P*) 4>(P* 



z 2 V, 



21 



in 



+ 3^23,: 



V21 



+— zMP) + (P) + zMP*) + F(P*) + zMP**) + F(P**) 

m 



<f>{P)<P{P*)<P{P* 



.~Z 2 V2 



z 2 



rn 



V u d x \n<t>{P)<l>{P*)<t>{P 



zV 

21 ' x (<j)(P) + <j)(P*) + <j)(P**)) 



rn 



+zC-^ + V 21 + V 2%x ) ( + + 



m 



z 2 V, 



21 



+ 



V21 1 3mV 2 2 z 1 V 2 3 
m \ V 2 \ V21 



4>(P) <p{P*) <j)(P**) 



(0(P) + 0(P*) + <f>(P**)) + 3z' 



m 



+ 3V 2 3,: 
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,Fr_ 
E r 



z 2 ~ 

m 31 V F r E r 



F r , x E rx \ z 2 V2\, x E rx Vj 



m E r V21 V21 E r 



z 2 



+ {—V 2 i, x + V21 + V 22 , X 



which implies that 



F r 



mJ r 2mV". 



33 



F r 



Fr 



z 2 V, 



31 



+ 3^23,* 



, (5.28) 



E r ,t p F r E ri t p 


Er 




El 

E r 


m V 



F E 

± r,x ^r.x 



Fr 



E r 



E r 



Z 2 V21, X E rjX V21 E, 



+ 3-+V 2 



23- 



m E r V21 

F r ,x _ mJ r _ 2mV 33 
F r F r z 2 V 3 



E r V21 



22 



31 



23,x 



~2 ~2 

— V31 + ( — V 2 l,x + %1 + V 22 ,x 

m \m 



E riX F r /z 2 ~ z 2 V 2 i, x , V21 T . 

H [ — V31 1" 77" ^ 

E^ \m m V21 

+ f( 3 T7^i + 3^23,, - ^(-^ + Sfc + V 2 2, X ) 
E r V V21 ^lA 



31 rn 



mJ r ( z 2 



,— V-Jl.s + V21 + V22,* • 

Then substituting (|5.27|) and the following formulas 



(5.29) 



21,x — V31 



V31 + Z mV: 



23- 



^22,x — V32 — V2I — V23 

into (f5T29j) . we obtain (pT2"Tj) . □ 

The properties of ^2(P,x,xo,t p ,to )P ) are summarized as follows. 

Theorem 5.3 Assume (j5TT]) and ([5T6]), P = (5,y) G /C r _ 2 \ {^oop^o}, 
2 = 1,2,3, and let (z,x,xo,t p ,to :P ) £ C 5 . T/ien 



^2,t p (P,X,X ,t p ,t . 



V 21 (z, x, t p ) ( _ 2 _ ^ ^ _ ^ ^ ^ + ~ ^ ^ ^ 



m(x, t p ) 

+^23(5, X, t p )z~ X ${P, X, t p ) ) 1/J2{P, X, Xq, t p , t ,p) 



(5.30) 
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ip 2 (P,x,xo,tp,t 0>p ) = expl z / <p(P,x',t p )dx' + 



z- 1 y(P)-V 22 (z,x ,t') 
V 21 (z,x ,t') 



xV 2 i(z,x ,t') + [V 23 (z,x ,t') - ^' x °' * ) V 23 (z, x ,t')) z 1 (f)(P,x ,t') 

V21\Z,Xq,1 ) / 



+U 22 (z, x ,t') , 



(5.31) 



^ 2 (P,x,x ,t p ,t^ p )i) 2 (P*,x,x ,t p ,t , p )'il) 2 (P**,x,x ,t p ,t , p ) = J^ r [ Z,X,tp \ , (5.32) 



i>2,x(P, X, XQ,t p , t ,p)f 2 ,x(P*,X, X , t p , t ,p)f 2 ,x(P**,X, X ,t p , t ,; 



F r (2, x, tp) 
E r (z, xq, to,p) ' 



(5.33) 



lp 2 (P,X,X ,tp,t ,p) 



E r (z,x,t p ) \V 3 



x exp< 



y(P) 2 V 21 (z, x', t p ) - y(P)A r (z, x', t p ) + jS r (z)V 21 (z, x', t p ) ^ 



xo 



E r (z, x' , tp) 



p fy(P) 2 V 21 (z, x , t') - y(P)A r (z, x , t') + \S r {z)V 2 i{z, x ,t') 



to,p 



E r (z,x ,t') 



(v 23 (z,x ,t') 



, V 21 (z,x ,t') 



V 21 (z,x ,t') 



V 21 (z,x ,t') , 



(5.34) 



Proof. Relation (|5.30p can be proved as follows. Using (|5.ip and (|5.6p . we 

have 



^2,t p (P,x,x ,tp,to iP ) = Vnipi + V 22 ip 2 + V 23 tp 3 

■ 21 



[ ^ 2 ^ 2 ' xx ) z 2 + V 22 ^ 2 + V 23 z~ x ^ 2 



V: 



21 



V: 



21 



m 

z 2 - z<j) x - 4> 2 
m 

z 2 - z6 T , - 6 



rn 



i>2 + V 22 i> 2 + V 23 z l (f)ip 



+ V 22 + V 23 z \ 



(5.35) 
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Then using (5.22), we obtain 



■if) 2 (P,x,xo,t p ,t ,p) = exp / z 1 4>(P,x',t p )dx' + / V 2 i(z,x ,t') 

■z 2 - z<f> x (P,x ,l/) - (j) 2 (P,xo,t'y 



m 



+V 22 {~z, x ,t') + V 23 {~z, x , 0^"V(-P, z , t') 



dt' 



exp / z <p(P,x',t p )dx' + / V2i(£, #o>0 
z- l y(P)-V 22 (z,x ,t')- 



V 2 i(z,x ,t') 



+ V 22 {z,x ,t') 



, V 21 (z,x ,t') , 
+ [ V 23 {z,x ,t) - xr . V 23 (z,Xo,t) 



X Z- l (j){P,XQ,t') 



V 2 i(z,x ,t' 
dt'). 



(5.36) 



which is ([531]). 
Hence 



ip 2 (P, x, xq, t p , t 0i p)ip 2 (P*,x, xo,t p , t ,p)ip 2 (P**,x, xo,t p , to, p ) 

f~-i [*,,„ , . w / , f tp \ z- 1 y(P)-V 22 (z,x ,t') ~ . 

= exp z / (p(P,x ,t p )dx + / — — — V 21 {z,x ,t) 

\ Jxo Jtoj, 1 V 21 {z,x ,t') 

+ (v 23 (z, xo, t>) - M!^ly 23 (5, X0 , t >)) z- l m x ,t>) 

V V 2 i(z,x ,t') J 



dt' 



X 



+V 22 (z,x ,t' 

exp F 1 / (f>(P* ,x' ,t p )dx' + 

V 21 (z,x ,i 
V 21 (z,x ,t 



*0,p 



z- 1 y(P*)-V 22 {z,x ,t') ~ 

— — — V 21 {z,x ,t) 

V 2 i{z,x ,t') 



+ (V 23 (z, xo, - ^^M z, x ,t')) z-^P*, xo, t') 
\ V 21 (z,xo,t') J 



+V 22 (z,x ,t') 



dt' 
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xexp T 1 (j)(P**,x',t p )dx' + 



•I'D 



rz- 1 y( P**)-V 22 (z,x ,t') 
V 2 i(z,xo,t') 



to,p 



V 2 i(z,xo,t') 



+ [V 23 (z,x ,t') 



V 2 i(z,x ,t')^ 



V 2 i(z,x ,t>) 



V 2 s(z,x ,t'))z <j)(P**,X ,t') 



+V 22 (z,x ,t') 



dt' 



expf f r\(j)(P,x' ,t p ) + <t>(P\x' ,t p ) + <j){P*\x' ,t p )]dx' 

\Jx 



+ 



to,) 



3(V 22 (z,x ,t') 



V 21 {z,x ,t') 
V 21 (z,x ,t') 



V 22 (z,x ,t') 



+2 V23(^,a;o,i ) - 7T"F 77^23(2,^0,*) 



V2i(£,x ,i') 
X [0(P, xo, *') + c/)(P*,x Q ,t') + 0(P**, x , 0] 



dt' 



expi / _ — - — '—dx + 

'xo &r{z,X ,tpj j tQp 



3[V 22 {z,x ,t') 



, V 21 (z,x ,t') 



V 2 i(z,x ,t 



jrV 22 (z,X ,t') 



V 21 (z,x ,t') , ^ fE rx (z,x ,t') 

+ [V 2 3{z,x ,t) - j 7 -^——p-V 23 {z,x ,t) 



V 2 i(z,x ,t') 



E r (z,x ,t') 



dt' 



= exp / d x '(lnE r (z,x' ,t p ))dx' + / d t > (lnE r (z, xq, t'))dt ' 
\Jx Jt 0! p J 

E r (5, x, tp) 
E r (z, xo,to :P ) 

Then the relation (|5.33|) is follows from (|5.37p and ()5. 15j) . that is 

ip2,x{P,x,xo,t p ,to iP ) x i/j 2 , x (P*,x,x ,tp,t 0t p) x tp 2 , x (P**,X,X ,tp,t 0j p) 

= Z- X (l){P,X,tp)ll)2{P,V,X Q ,tp,t^p) X Z~ X <j)(P* ,X,t p )tp 2 (P* ,X,X ,tp,t 0>p ) 

x z^(j)(P** ,x, t p )ip 2 (P**,x, x , tp, t 0tP ) 
F r (z, x, tp) 



(5.37) 



E r (z, xo, £o,p) 
Moreover, using (15.20p . we arrive at 



(5.38) 



ip 2 (P,x,x ,t p ,t 0tP ) = expj / z V(- p 5 a: / j*p)^ / + / ^23(2, x , t')z l (f>(P,x ,t') 
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it7 ,~ .,{z 2 -z4> x (P,x ,t')-<p 2 {P,xo,t>) 
+V 21 (z,x ,t )' 



+ V 22 (z,x ,t') 



dt 1 



exp / z 1 4>(P,x' ,t p )dx' + / V 2 i(z,x ,t') 



,.(z- l y(P)-V 22 (z,x Q ,t') 



*0,1 



V2l(2,Xo,t') 



3-0 " ^S-' !l! SO, 0) g-^Cfi *0, 



cxp 



y(P) 2 V 21 (z,x',t p ) -y(P)Ar(z,x',tp) + B r (z,x',t f 



dt 1 



E r (z, x', tp) 



+ / M(z,xo,t')dt 



to,. 



where 



M(2,Xo,*) = ^2l(z,X ,t r— p -T 



+ V 22 (z,x Q ,t') 



(V 23 (z,X ,t') - V ^f: l°> ^ V23(Z, X , ) r l m XO, f). 



V 2 i(z,x ,t' 



(5.39) 



From ()5.20p . it is easy to see that 



V 21 (z,x ,t') 



--[V 23 (z,xo,t) - — — —V 23 (z,x ,t 

3 V V 2 i(z,x ,t') 



Inserting (|5.4(jp into (|5.39|) . we arrive at 

. V 21 (z,x ,t') 



1 E rt t'(z,X ,t') 

3 E r (z, xq, t') 

n\ E r ,x(z,X ,t') 



E r (z,x ,t') 



(5.40) 



M(z,x ,t') = lV 23 (z,x ,t') 



J?Via(z, X ,t') 
V 21 {Z,X ,t') 

1 E rtX (z,x ,t')\ lE r>t >(z,x ,l/) 



(~-\x<T> 4)\ 1 ^r,x{Z,X ,t \ 1 

V 3 E r (z,xo,t') / 3 E r (z,xo,t') 

y 21 (z : x ,t') 



V 2 i(z,x ,t')' 



(5.41) 
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Substituting (|5,4ip into the above representation of ^ 2 , we have 



I CP t * ^ ( E r{z,x,t p ) \i/3 

\E r (z,xo,t p )J 



x ex / r / j/(p) 2 y 2 i(z, s', g - j/(p) g / , t p ) + |y 2 i(z, x 1 , t p )s r {~z) \ d J 

\Jx ^ E r (z,x',t p ) J ^ 

E r (z,x ,tp) \V3 
E r (z,x ,t 0>p )J 

■*p ( y{P) 2 V 2l (z, xq, t>) - y(P)A r (z, x , f) + §S r (S)F 2 i(5, x 0) \ 



x exp 



t , p ^ E r (z,x ,t') 



X ( V 23 {Z, Xq, t ) — — -rr -r V 23 (z, X , t ) + Z y(P)—— 7jr<ft , 

V V 2 i(z,x ,t>) / V2i(z,x ,r) / 



which implies (I5,34p . □ 



The stationary Dubrovin-type equations in Lemma 3.3 have analogs for 
each DP p flow (indexed by the parameter t p ), which govern the dynamics of 
fj>j(x, tp) and Vj(x, t p ) with respect to variations of x and t p . In this context 
the stationary case simply corresponds to the special case p = as described 
in the following result. 

Lemma 5.4 Assume (15. ip — (15. 7p . 

(i) Suppose the zeros {{J>j(x, £ p )}j=i,..., r -5 of E r (z,x,t p ) remain distinct for 
(x, t p ) £ O^, where f2 M C C 2 is open and connected. Then {/jij{x, t p )}j=i,...,r— 5 
satisfy the system of differential equations, 

fi . ( x t ) = f p)) + ^yjfijj^i *p)) 2 ] ^iQ^Qe, £ P ), t p ) 

*p) IXfc=l t P ) - We(x, tp)) 

k+i 

j = !,-•• ,r 



-5, (5.42) 



H,t p {x,t p ) = -[V 21 (fl j (x,t p ),X,t p )V 23 (fl j (x,t p ),X,tp) 

-V 21 (fJ,j(x, t p ),x, t p )V 23 (nj(x, t p ), x, t p )} 
[S r (fj,j(x,t p )) +3y(fi j (x,t p )) 2 ] 
u{x,t p )l\ r k 'J 1 (fi j (x,t p ) - n k {x,tp)Y 

k+j 

j = 1, ■ ■ ■ ,r 



5, (5.43) 
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with initial conditions 

{p,j(x ,to,p)}j=l,... t r-5 e/C r _ 2 , (5.44) 

for some fixed (xo,to,p) G The initial value problem ()5.43p . (|5.44p has a 
unique solution satisfying 

fij j = l,...,r-5. (5.45) 

(ii) Suppose the zeros {za,(x, tp)} J= i v .. jr ._3 of F r (z, x,t p ) remain distinct 
for (x,t p ) G f]^, where Q u C C 2 is open and connected. Then {z/j(x, tp)}j = i v .. jr _3 
satisfy the system of differential equations, 

2(\a (,. f„ + \\ , q„./~ /„ + \\2i 



Vj,x(x,t p ) = fj(x,t p ) ([S r (vj(x,t p )) + 3y(0j(x,t p )) 

x V 3 i(u j (x,t p ),x,t p ) + m(x,t p )J r (vj(x,t p ),x,t p ) 

1 

r — 3 ' 

n(x,tp)n2(x,t p )nfc=i(^(^,ip) ~ v k (x,t p )) 
k+j 

j = l,...,r-3, (5.46) 



v j,t p {x,t p ) = Vj(x,t p ) 2 ([S r (vj(x,t p )) + 2>y(vj{x,t p )) 2 ] 
x V 3 i(za,(x, t p ), x, t p ) V 32 (^ (x, tp), x, tp) 
-Vj(x, t p ) 2 J r (vj (x, t p ), x, t p ) V31 (za,(x, tp), x, tp) 



1 



n(x,tp)u2(x,tp)nfc= 3 i(^(^,i P ) - u k (x,t p )Y 
k+j 

j = l,...,r-3, (5.47) 

with initial conditions 

{z>j(x ,to,p)}j=l,...,r-3 G /C r _ 2 , (5.48) 

/or some /ixed (xo,to,p) G f2 v . T/ie initial value problem (|5.47p . (|5.48|> /ias a 
unique solution satisfying 

Oj G C°°(^,/C r „ 2 ), j = l,...,r-3. (5.49) 
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Proof. For obvious reasons in suffices to focus on (|5,42p and (|5,43p . But 
the proof of (|5.42p is identical to that in Lemma 3.3. We now prove (|5.43p . 
From (|5.8p . we have 

r— 5 

Er,t p (z,X,tp)\z =H ( Xttp) = -u(x,tp)fJ, jjtp (x,tp) W_(jlj{x,t p ) - H k (x,t p )). 

fe=l 
Mi 

(5.50) 

On the other hand, using (|5.20p and (|5.42|) . one computes 

E r)tp (z,X,t p )\ i=H{X:tp) = E r)X (^ j (x,tp),X,tp)(V23-^V 2 3^ 

r— 5 

= -u(x,tp)n jtX (x,t p ) JJ (fij(x,t p ) - /J, k (x,t p )) 

fc=l 
Mi 

x (^ 23 " w/ 23 ) 

= V 21 [S r ( H (x,t p )) + 3y(^(x,t p )) 2 ](v2 3 - ^23) 

= [Srbijfatp)) + ^(AiCx.tp)) 2 ]^!^ " V 2 lV 23 ), 

(5.51) 

which together with (|5.50p yields (|5.43p . □ 

The analog of Remark 3.4 directly extends to the current time-dependent 
setting. 

6 Time-dependent algebro-geometric solutions 

In the final section, we extend the results of section 4 from the stationary 
DP hierarchy to the time-dependent case. In particular, we obtain Rie- 
mann theta function representations for the Baker-Akhiezer function, the 
meromorphic function <j> and the algebro-geometric solutions for the DP 
hierarchy. 

We start with the theta function representation of the meromorphic func- 
tion (j)(P, x, t p ). 

Theorem 6.1 Assume that the curve K r -2 is nonsingular. Let P = (z,y) £ 
IC r -2 \ {Poo 1 ,Pq} and let (x,t p ), (xq,^o,p) £ where C C 2 is open and 
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connected. Suppose that T>^ x tp ^, or equivalently, T>0( x tp ) is nonspecial for 
(x,t p ) G O^. Then 

+ , i / ^(|(P,v(x,i J ,)))fl(|(P ,A(a;,tp))) 
(p{P,x,t p ) = -m3(x,t p ) + \\\at~(D~f * \\\ 

P , (6-1) 



xexp/>(Q )- / "g^Y 



Proof. The proof of (|6.ip is analogous to the stationary case in Theorem 
PI □ 

Motivated by (|5.30[) . we define the meromorphic function I s (P,x,t p ) on 
/C r _ 2 x C 2 by 

i s (p,x,t p ) = — g ; * p) (z 2 - g0 8 (p, x, g - 2 (p x, t p )) + y 22 (i, x, t p ) 

m(x,t p ) 

+V 23 (z,x,t p )z- 1 4>{P,x,t p ). (6.2) 
The asymptotic properties o£ I S (P, s,t p ) are summarized as follows. 
Theorem 6.2 Lei s = 4p + 2, p G N , (x,t p ) G C 2 . T/ienEI 



s-4 
2 



j=0 

C = as P ->■ Pood 

h(P,x,t ) = u(x,t )m 1 / 3 (x,t )C 2 + O(C 2 ), (6.4) 

C = 5 1/3 , as P -> P , 

where {«j} J=0 G C, and 

u , „ . 
m 

9—2 9—2 

f f ,,2j-fc+4 n s+2-fc rs+2-fciN f ~ i-rs-ii s-i rs-^i\ 

= m- i x;^^ ], ' T "" I " T " I) +E^" T " I, " T '" I " T ' I) ' s 

k=-2 e=o 

the function [ ■ ] returns the value of a number rounded downwards to the 
nearest integer. 



Here sums with upper limits strictly less than their lower limits are interpreted as 
zero. 
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Proof. Treating t p as a parameter, we note that the asymptotic expansions 
of (j>(P) near P OQl and near P$ in (j4. 1[) and (|4.6p still apply in the present 
time-dependent context. In terms of local coordinate £ = z _1 near Pood 
from (j3~T|) , and (|6T2]), we easily get 



h(P,x,t ) 



V 2 i(z,x,t ) 



(z 2 - Z(j) x (P,X,t ) - (j) 2 (P,X,t )) + V22(^,Mo) 



m(x,i ) 
+ ^23(2, x, t G )z~ l (t){P, X, t ) 



u(x,t ) 



m(x,t ) 
-u(x,t )K + O(( 2 ) 

lc 2 + xo + o(( 2 ), 



as P -»• P c 



00 1 ) 



(6.5) 



where 
and 



XO = («2 + 2k K2,x) - Wtg, 

771 



^0 — ; K 0,x — 

U U 



U 



Therefore (|6.3j) holds for s = 2. For s > 2, recall the definitions of V21, V22, V23 
in (|5.2p . we may write 



'21 
2p 



(0,1) ~4p _,_ T/ (l,0) ? 4p-2 + pr(l,l) ? 4p-4 



^21 = ^'^ + ^ 



21 



21 



f ... + y 2 ( f 0) z 2 + v 2 ( f 1) 



^y 2 ( j » » ]) c- (4p - 2j) 

j=0 

^ t A 2 ( j i * 1] ' j+1 - [i * i]) (-(4p-2i) ) 



J'=0 



22 



22 

2p 



^(0,0)^+2 + ^(1.0)^-2 + V22 
rii i_ri 



(2,0)~4p-6 



+ . . . + 



(P.0) ~2 



22 







V y 2 ( ^ ]j "^ 1) ^-( 4 P+2-2j) 



J=0 
00 



([|].i-[|]) r -(4p+2-2j) 



E^22 2J 
J=0 



y 23 = V? + v 2 f 0) z 4 P~ 2 + v£ l) ~z Ap - A ■+ 



2.3 



'(P,0) ~2 
'21 



(P,l) 
23 



2/> 



i=o 



([4 i ]j+ 1 -I 1 | i ])^-(4 P -2 J ) 
23 S ! 



50 



where 



V 2 ^ A) = V 2 f' M =0 for /3i>p + l, ft,ft6N, 
V^ 1 '^ =0 for ft > p+ 1 or /3 2 = 1, fa, fa £ 



Moreover, from (|4.ip . we find 



oo 

z 



~z<p x (P,x,t p ) - (t> 2 (P,x,t p ) = E ^jC 2j , 

i=-i 



= E (^ 2 ^ 2J + ^+iC 2j+1 ) , as P ^ Poo, , 
i=-i 



with 

1?_2 = 1 - K ,x - K 



2 = m(x,t p ) 
u(x,t p ) ' 



2j+2 

#2j = ~~ K 2j+2 — K i K 2j+2-ii 

#2j+i = o, j e N . 

Therefore, in terms of local coordinate ( = z~ l near P <X)1 , we obtain 

I s (P,x,t p ) = V21 y X ; y (z 2 - z<f> x {P, x, t p ) - <f> 2 (P, x, t p )) + V 22 (z, x, t p ) 
m(x,t p ) 

+V 23 (z, x, tp)z~ 1 (j)(P, x, t p ) 

2p oo 
j=0 ' "s=-l 



, (».w(E^ w+, - w f-<*-'»)( E «*< 

j=0 s=-l 

2p 2p . 

+ ^^5l.J-[i])^-(4p+2-2i) + ^^y 2 (|4 i ]j+ 1 -[4 i ])^-(4p-2i) 

?=0 

S 3=0 

m_1 E ( E w ( l^ ] '^~ [ ^ ]) )c- 4p+2j 

J=-1 fc=-2 
2p-l 

+ E v^ ]J+1 - [1 ¥ ]) c 4 p+ 2 i 



j=o j=o 

oo 

/ 1 

X 



,,2+ii o-4-i _r£±ii 

j'=-i 
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j=0 \£=0 / 
2p-l oo 

^r (4p+2) + E^r 4p+2j + x 2p + £ x,r 4p+2j , (6.6) 

j=0 j=2p+l 

2j 



where 

,([™],™-[™D 



2 

22 



fc=-2 

+ E K ^23^^ l '^^~ l ^^ J) > fOT 0<J<2p-l, JGNq, 
1=0 



, ^i, /r 2j-fc+4 1 2j-fc+4 , 2j-fc+4 n , ^.,-1+2 1 2j-l+2 r 2j-l+2 n 

_ ™— 1 \ „Q T/" 4 J' 4 L 4 J/ i \ ^ 4 J' 4 L 4 j; 

*J ~~ m 2-> tffc ^21 + 2^ £ 23 > 

k=-2 £=0 

for j > 2p, j G N . 

Then inserting (|6.6p into (|5. 14[) and comparing the coefficients of the same 
powers of ( e (£ < 0) yields 

Xj > = 0, for 0<j<2p-l, jGN . 

Hence, we conclude that 

Xo = 7o (t p ), 
Xi = n(t p ), 

X2p-1 = l2p-l{tp), 

where Jj(t p ) (j = 1, 2, . . .) are integration constants. Next we note that the 
coefficients kj (j = 0, 1, . . .) of the power series for 4>(P, x, t p ) in the coordi- 
nate £ near -Pooi are the ratios of two functions closely related to u. Mean- 
while, the coefficients of the homogeneous polynomials Vij = 1,2,3) 
are differential polynomials in u. From these considerations it follows that 
jj = &Lj G C. Hence, we obtain (|6,3p . Finally, (j6.4|) follows from (j4.6|) and 

pop . □ 

(2) 

Let Up ., j = Al + 2, I G Nn, be the Abel differentials of the second 
kind normalized by vanishing of all their a-periods 

u>P , = 0, fc = l,...,r-2 
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and holomorphic on /C r _2 \ {Pooi}, with a pole of order j at P 001 , 

w S 1 i( P )r n ^ + °( 1 ^' as Poo,. (6.7) 
Furthermore, define the normalized differential of the second kind by 

s-4 
2 



= 3^S llS+ i + £( s " 2 -?' " ^ri, 2, a (6-8) 



2 

and 



nS,s = 2 "?ls, (6-9) 

where s = Ap + 2, p £ No- Thus, one infers 

cfi iiS+1 = o, / ng,3 = o, fc = i,... f r-2. 

In addition, we define the vector of 6-periods of the differential of the second 
kind 

ff(?) _ ( fj(2) fj{2) , ^(2) _J_ f n(2) r _o 

(6.10) 

with s = 4p + 2, p £ Nq. Integrating (|6.8j) and (16.91) yields 



s-4 



s-4 



= -a — rrd( + V(s - 2j - 2)3,- / ^r^C 

+0(1) 



and 



s-4 

3=0 ^ 

as P^ Poo,, (6.11) 



p _ 

^0,3 = -C" 2 + 4 2) (Oo) + 0(C), asP^Po, (6.12) 

Qo ^ 
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(<\\ (2) 

where e s +i(Qo),&3 (Qo) are constants that arise from evaluating all the 
integrals at their lowers limits Qo, and summing accordingly. Combining 
([OP , (6.4), (fpTTTT) and flgJgD yields 

^ I s (P,x,r)dr = (t p - t 0>p ) f 4?i(Qo) - r^pl^i) 
to, P \ JQo 1 / 

+ [ P X^(x,T)dr + 0(C), as Poo,, (6.13) 

and 

f ° I 2 (P,x,T)dT = f° (u{x,T)m\(x,T) fef } (Q ) - ^ dr 
Jt ,o <~*° Jto.o \ \ JQo J J 

+ 0(0 as P^P . (6.14) 

Given these preparations, the theta function representation of -02 (P, ^, ^O) *p> ^o,p) 
reads as follows. 

Theorem 6.3 Assume that the curve /C r _2 is nonsingular. Let P = (z, y) £ 
/C r _2 \ {Pqo^Po} and let (x,t p ), (xo,to,p) £ ^/i) where Q,^ C C 2 is open and 
connected. Suppose that T)^ xtp ^, or equivalently, T>t,{x,t p ) ^ s nonspecial for 
(x,t p ) G f]^. T/ien /or s = 2 

, ,„ , . v 0(l(P,/i(x,to)))^(l(Po,/i(xo,to,o))) 

V{z{Po, fJ\x, t )))9{z{P, yAxo, *o,o))) 

x exp 



2m l l\x\t )dx'( Jpl 3 -ef\Q ))j 
+ (io-to,o)(4 2) (Qo)- / 6g> )+/ Xo(x ,r)dr 
x (n(x , r)m 1 / 3 (x , r) (ef } (Qo) - jf ^,3) ) dr > 

and for s > 2 

, , D . , x 9(z(P,fi(x,t p )))9(z(P ,fl(x ,t 0jP ))) 

lp2{P,X,Xo,tp,t ,p) = ~ , . XN W ~/p ~t ■ 6 ' 16 

9(z(P , fi{x,t p )))9(z{P, fx{x Q ,t 0tP ))) 
x expM 2m 1 / 3 (x',t p )dx'(J w® 3 - ef \q ) 



(tp-to^UfUQo)- [ P &P s+1 )+ f P X^(xo,T)dr). 

JQo 7 Jt , P 2 I 
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Proof. We present only the proof of the time variation here, since the proof 
of the space variation is analogous to the stationary case in Theorem 14.41 
Let tp2(P,x,xo,t p ,to ; p) be defined as in (|5.3ip . For s > 2, we denote the 
right-hand side of (|6.16p by ty(P,x,xo,t p ,to tP ). While s = 2, for our conve- 
nience, we also denote the right-hand side of (|6.15j) by ^(P, x, x ,t p ,to jP ). 
Temporarily assume that 



fj,j(x,t p ) / fi k (x,t p ), for j ^ k and (x,t p ) eSl^CSl 



/' ■ 



(6.17) 



where is open and connected. In order to prove that ip2 = ^, by using 
(j5T20|) and (j5T2"2|) . we compute 



Is \Pi tp) 



Hence, 



V21 Cz 2 

m 



21 — 

(V23- 
(V23- 
+V22 



Px - 4> ) + v 2 2 + v 23 z 

IJ-V22 ft -ft V21 

ft h V22 + (V23 - 7^^23)2 < 

V21 V21 



V2I \— 1 / , f> ^21 T ^ , __l V21 
V21 
V21 
V 2X 
V21 



23 , 



-V22 + Z II- 
V21 22 V 2 1 

y 2 V 2 i - yA r + |S r F 2 i + \E r , x 



1 £v,t 



21 



23 



K 2 1 



23, 



yV 2 i -j/^ r + §5 r y 2 i \ 
K_ ) 



V-, 



+ (V 2 3 - —^23) 

3 E r K 26 V 2 i 1 
, ~-l V21 

+Z V V2,- 



2V 2 i(3y 2 + S r ) 
3 



yV 2 i(y + ^) 



E r 



E r 



(6.18) 



I s (P , x, t p 



1 (Htp _ 2 Mj,t p 
3 z — fij 3 z — Hj 



+ 0(1), 



+ 0(1) 

as z-y ^j(x, t p ) 



More concisely, 







I s (P,x ,t) = ^: m (^ - Mj^OjT)) + O(l) for P near p,j(x ,t f 



(6.19) 



(6.20) 
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Therefore 



exp (j^ dr (^-\n(z - Vj(xo,-r)) + O(l) 



Z - fij(xo,t 0>p ) 

{(z - fij(x ,t p ))O(l) for P near jj,j(x ,t p ) / p,j(x , t 0>p ), 
O(l) for P near fXj(x ,t p ) = p>j(xo,t 0jP ), (6.21) 
(5 - /i J (x ,to,p))" 1 C'(l) for P near pbj{xQ,t QjP ) / fij(x ,t p ), 

where 0(1) 7^ in (j6.21|) . Consequently, all zeros and poles of ip2 and ^ 
on fC r -2 \ {-Pood-Po} are simple and coincident. It remains to identify the 
essential singularity of ^2 and ^ at P 001 and Pq with respect to the time 
variation. By (|6.13|) and (|6.14p . we see that the singularities in the expo- 
nential terms of ip2 and ^ with respect to the time variation coincide. The 
uniqueness result for Baker- Akhiezer functions (|13 1 115 1 H6 |, I18|) completes 
the proof that 1^2 = ^ on The extension of this result from (x,t p ) £ Q p 
to (x,t p ) G £1^ then simply follows from the continuity of (Xq and the hy- 
pothesis of 'Df l ( x t \ being nonspecial for (x,t p ) £ fi^. □ 



Remark 6.4 We provided two explicit representations for the Baker- Akhiezer 
function ip2 in terms of the Riemann theta function, corresponding to the 
case s = 2 and s > 2, respectively. By (I6.4p . I2 = 0((~ 2 ), Pq is a essen- 
tial singularity of V>2 for s = 2. However, for s > 2, I s = 0(C 2 ) near Pq, 
and there are no singularities in this case. Thus, we investigated these two 
situations respectively in Theorem 16.21 and Theorem 16.31 What we want to 
emphasize is that these results will not take any trouble for us to obtain the 
solution u(x,t p ). We can deal with the two expressions (|6.15p and (|6.16p 
uniformly. The more details will be given in Theorem \6M 

The straightening out of the DP flows by the Abel map is contained in 
our next result. 

Theorem 6.5 Assume that the curve IC r -2 is nonsingular, and let (x,t p ), 
(xo,to :P ) £ C 2 . Then for s > 2, 

«Q (%M P )) = aQo(%so,<o, P )) " yj ^{x',t p )dx'^uf ) 

+ nS-i(t p -t Q , P ), (6.22) 
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+ ufli(tp-t , p ), (6-23) 



and for s = 2, 



a Qo {V^ {xM) ) = OQ (Vp_ {xoMo) ) - yj 2ml{x',t Q )dx^jU^ ) (6.24) 

~(2) / Z^ I \ '(2) 

+ IZ s +i(*o - *o,o) + / 2u(x ,T)m3(x ,T)dT \ U 3 , 

\ J ton / 



a. 



?() C%Mo)) = OQo(%so,*o,o))- 2ml(x',t )^^ 2) (6.25) 



•''{) 



+ ^ s +i(*o -*o,o) + / 2ti(xo,r)m3(xo,r)dr f/ 3 . 

Proof. As in the context of Theorem 14.71 it suffices to prove (I6.22p . Tem- 
porarily assume that T>^! x t \ is nonspecial for (x,t p ) G^C C 2 , where 
is open and connected. We introduce the meromorphic differential 

d 

Q(x, x , t p , t ,p) = -gzln(ip 2 {-,x, x ,t p , t ,p))dz. (6.26) 
From the representation (|6.16p . one infers 

n(x,x ,t p ,t 0jP ) = (^J 2m^(x',t p )dx' S j u)^ 3 - (t p - to, P )&pl i>s+1 

r—5 

i=i 

where Co denotes a holomorphic differential on fC r ~2, that is, Co = X^=i e j UJ j 
for some € C and (Oj (j = 1, . . . , r — 2) denote the normalized holomorphic 
differentials (see (I4.13P ). Since ip2(-, %o,t p , io,p) is single-valued on JC r _2, 
all a- and ^-periods of fi are integer multiples of 2iri and hence 



27T«?7T,fc 



/ tt(x,xo,tp,t 0> p) = Cb = e k , k = l,...,r-2, (6/, 

J a h ^ a k 
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for some mk 6 Z. Similarly, for some G Z, 




r-2 

(6.29) 

where we have used the formula 

! J*l Q2 = 2m f Ql uj k , k = 1, . . . , r - 2. (6.30) 
Jb k J Q 2 

By symmetry of V this is equivalent to 

"Q = OQo( P £(zo,to, P )) - (/ 2m^{x',t p )dx'^uf ) 

~(2) 

+ mU t p- t o*)> ( 6 - 31 ) 

for (x,t p ) G fi^, which leads to (|6.22p . Since £>p 02 > and T>p p are linearly 
equivalent, that is 

4q (^o) + aQ (Dp( x , tp )) =A Qo (Poo 1 ) + «o (%*,t p )) ) 

hence ()6.23j) holds. Similarly, one can prove ()6.24p and ()6.25p . Finally, this 
result extends from (x, t p ) G fl^ to (x, t p ) G C 2 using the continuity of g.q 
and the fact that positive nonspecial divisors are dense in the space of divi- 
sors. □ 
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Our main result, the theta function representation of time-dependent 
algebro-geometric solutions for the DP hierarchy now quickly follows from 
the materials prepared above. 

Theorem 6.6 Assume that u satisfies the p-th DP equation (|2,14|) , that is, 
DPp(u) = m tp — X p = 0, and the curve IC r -2 is nonsingular Let (x,t p ) G 
Qfj,, where C C 2 is open and connected. Suppose also that T>^ x t ), or 
equivalently, T>$r x>tp ) is nonspecial for (x,t p ) 6 fl^. Then 

u(x,tp) = u{x ,t ,p) — „ w _, p , y. v (6.32) 

Proof. In the time-dependent context, we will use the same strategy as was 
used in Theorem 14.81 in the stationary case, treating t p as a parameter. A 
closer look at Theorem 16.31 we note that the two expressions of ip2 in (|6.15p 
(p = 0, s = 2) and (I6.16P (p > 0, s > 2) can be written uniformly as the 
following form near P 00l , 

V>2 = (<7 + fflC + 0-2C 2 + 0(C 3 )) 

C->o 

x exp ( ( jf" 2m§ (a/, t p )dx') (/ 3 (2) (Q )C 2 + 0(C 4 ) 



s-4 
2 



(/2 v— -v 1 r p \ 
(tp - t 0>p ) [^C~ S + ^2 "J f s-2j-2 + / X2=2( S 0,*p)^pJ 
j=0 ' "'*o,p 



+0(C)J, C = *~\ as P^ Poo,, (6.33) 

where the terms cij = o~i(x,t p ) (i = 1,2,3) come from the Taylor expansion 
about P OGl of the ratios of the theta functions in (|6.15p (p = 0) or (16.161) 
(p > 0) (see g35D ). That is 



e(z(p ,gx,t p ))) c^o X 01 0i 

with 

O = 9 (x,t p ) = 0(5(^00!, /i(a;,tp))) = (h Qo - ^(PooJ + a Qo (%x,t p ))) , 
0i = 0i(x,t p ) = 6(z(P ,tl(x,tp))) = (h Qo -4q (Po) + a Qo (% Mp) )) , 
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and 

Similarly, we have 

e{z(p,Kx ,t 0tP ))) 



r-2 

d ... _ rH 2 ) 



j=l J 







e(z(p,pjjx,t p ))) ' 

9(z(P ,fi{x,t p ))) 



<^0 \&! 



i-^C + o(c 2 ) 



(x,t p )=(xo,to,p) 

1 



(x,tp)=(xo,t 0iP ) 



i (1 + ^ In 0o C + 0(C 2 )) 



C^o 6» (x ,to,p) 



(a;,*p)=(xo,to,p) 



1 + d x In 6*0(3;, t p ) 



(x,t p )=(x ,to,p) 



C + o(c 2 ) 



as f — > P001 ■ 



Then we will give the Taylor expansion about ■02, 
9(z(P, jl(x, t p )))9(z{P , fi{x Q , t , P ))) 



V': 



C^o 9(z(P , [i,(x,t p )))9{z(P, p,(x ,t , P ))) 

x ^ V {^jy m l(x\tp)dx^ (/f(Q )C 2 + O(C 4 ) 



x exp 

+o(c 2 ) 



s-4 
2 



i=0 



(x ,t 0jP ) (x,t p ) 0i(x o ,t OtP ) (x,t p ) 



+ 



0o(xo,t o , p ) 0i(x,t p ) 9q(x q , i , p ) 6i(x,t p ) 



x [d x In 9 (x,t p ) 



(x,t p ) = (xo,to,p) 



d x lnd (x,t p ))( + O(( 



exp ( ( jT 2m§ (x', t p )dx^j (/ 3 (2) (Q )C 2 + 0(C 4 ) 



s-4 
2 



exp ( (t p - i ,p) (jjc " + E "3 ^-23-2 + 



*0,p 



X^l(xo,t' p )dtp 



+o(C 2 )), 



as P -»• P 



00 1 • 



(6.34) 
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Hence, comparing the same powers of ( in (|6.33|) and (|6.34p gives 

<ro(x,tp) = al t — \ Q ( , v 6.35 

Oo{xQ,tQp) 9i(x,tp) 



at(x,t p ) = I In O (Mp) - d x In 6 Q (x,t p ] 

(x,tp) = (xo,t ,p) 

0i(x o ,t o ,p) 6 (x,t p ) 



8o(xo, t , p ) Q\{x,t p )' 



If we set 



^2 = (<t (z, tp) + o-i (x, t p )C + a 2 (x, t p )C 2 + 0(C)) exp (A) exp (A 

as P — > P o 1 , 

with 

exp (A) = exp (^j\ml {x 1 ,t p )dx^ (/f (Q )( 2 + 0(C 4 )) 



and 



s-4 
2 



exp(A) = exp (t p - t ,p) y gC~ s + X] "J f 8-2j-2 + / Xi=a(^o,^,)d^,J +0(C 
\ ;=n ' Jta, p 



3=0 

then we can show as (P — > Pooi) 

^2,x (fo,x + 0"i,xC + 0(C 2 )) exp ^A^ , 

V>2,** C = Q {ct 0i xx + + 0(C 2 )) exp (A) , (6.37) 

lh,xxx (o-0,axcx + + 0(C 2 )) exp (A 



By eliminating ip\ and ^3 m (|2.3p . we arrive at 

V2,j;ra = -W2 H V2,xx V>2 + ^2,x- (6.38) 

771 771 

Substituting (16.37|) into (16.38P and comparing the coefficients of £° yields 

&0,xxx = {C0,xx — Co) + &0,x, 

m 

namely 

(<7o,xx - Q"o)x _ mx_ _ (u(x,t p ) - u xx (x,t p )) x 
-cr m u(x,t p ) - u xx (x,t p ) 
which together with (|6.35p leads to (|6.32p . □ 
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